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Abstract. We prove three new results about the global Springer action de- 
fined in |YunI| . The first one determines the support of the perverse cohomol- 
ogy sheaves of the parabolic Hitchin complex, which serves as a technical tool 
for the next results. The second one (the Endoscopic Decomposition Theorem) 
links certain direct summands of the parabolic Hitchin complex of G to the 
endoscopic groups of G. This result generalizes Ngo's geometric stabilization 
of the trace formula in |N08I . The third result links the stable parts of the 
parabolic Hitchin complexes for Langlands dual groups, and establishes a re- 
lation between the global Springer action on one hand and certain Chern class 
action on the other. This result is inspired by the mirror symmetry between 
dual Hitchin fibrations. Finally, we present the first nontrivial example in the 
global Springer theory. 
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1. Introduction 

This paper is a continuation of |YunIj and |YunIIj . but logically independent of 
Yunll for the most part. For an overview of the ideas and motivations of this 
series of papers, see the Introduction of |YunI| . We will use the notations and 
conventions from |YunIi Sec. 2]. In particular, we fix a connected reductive group 
G over an algebraically closed field k with a Borel subgroup B, a connected smooth 
projective curve X over k and a divisor D on X of degree at least twice the genus 
of X. Recall from |YunI| Def. 3.1.2] that we defined the parabolic Hitchin moduli 
stack M pa,r = M.Iq'x D as the moduli stack of quadruples (x, £, <p, £f ) where 

• x G X; 

• £ is a G-torsor on X with a B-reduction £^ at x; 

• (p e H°(A, Ad(£)(D)) is a Higgs field compatible with £f . 

We also defined the (enhanced) parabolic Hitchin fibration (see |YunI[ Def. 3.1.6]): 

./•par : M vax La^AxX. 

where A is the universal cameral cover in [Yunll Def. 3.1.7]. 

In |YunI| , we have constructed an action of the extended affine Weyl group W 
on the parabolic Hitchin complex f^Qi ( [Yunll Th. 4.4.3]), and an action of the 
lattice X* (T) on the enhanced parabolic Hitchin complex /*(Q^ QYunl. Prop. 4.4.6]). 
This paper studies the decomposition of f^Q g into generalized eigen-subcomplexes 
according to the X*(T)-action. In the course of analyzing these subcomplexes, 
endoscopy and Langlands duality naturally come into the picture. 

The generalized eigen-subcomplexes of /*Q^ have two types. The first type 
have supports on a proper subscheme of A-, and they can be understood using 
the endoscopic groups of G. This is the content of the Endoscopic Decomposition 
Theorem (Th. 13.2.8)) . The second type have supports on the whole A, and they are 
essentially the same as the stable part of /*Q^ (i.e., the part on which the X* (Tr- 
action is unipotent, see Def. I2.2.3|) . To understand the stable part, we consider the 
parabolic Hitchin complex for the Langlands dual group G v , and prove a result of 
mirror-symmetry style (Th. I4.1.8|) . 

Recall from [Yunll Rem. 3.5.6] that we have chosen an open subset A of the 
anisotropic Hitchin base A am on which the codimension estimate codim^mt (As) > 
5 holds for any 8 £ Z>o- Throughout this paper, we will work over this open subset 
A. All stacks originally over „4 Hlt or A am will be restricted to A without changing 
notation. Note that when char(/c) = 0, we may take A = A am . 
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1.1. Main results. 

1.1.1. The Support Theorem. The first result is about the perverse cohomology 
of the enhanced parabolic Hitchin complex f*Qg. By the decomposition theorem 
(see |BBD[ Th. 6.2.5]), /*(Q>£ is non-canonically a direct sum of shifted perverse 
sheaves ®i( p H l f*Q g )[— i]. We would like to understand the supports of the simple 
constituents of p H l /*Q f . 

Recall from |YunI[ Sec. 2.3] that (.4 x A) rs is the locus of (a, x) where the value 
a(x) 6 c is regular semisimple, and _4 1S is the preimage of (A x A) rs in A. 

Theorem A (the Support Theorem, see Th. |2.1.1|) . Any simple constituent of 
©i P H*/*Q^ is the middle extension of its restriction to A rs ; i.e., 

where j : „4 rs ^ A is the open inclusion. Similar result holds for the perverse 
cohomology sheaves of /f ar (Q^ . 

This theorem is analogous to the following statement in the classical Springer 
theory: the Springer sheaf ir*Q e is the middle extension of its restriction on jj rs . 
A corollary of Th. A is that the action of W on the perverse cohomology sheaves 
p H l /r al Qf factors through a finite quotient, hence semisimple. However, this is no 
longer true on the level of complexes: we will see an example in Sec. 11.1.41 where 
the action of the lattice part on the stalks of the complex f^Qf is not semisimple. 
This non-semisimplicity will be further investigated in Th. C below. 

1.1.2. The Endoscopic Decomposition Theorem. By [Yunll Prop. 4.4.6], the action 
of the lattice part X*(T) C W on /*Q f gives a decomposition of into generalized 
eigen-subcomplexes: 

(i-i) f*Qe= (Wt)«. 

Here T = Hom(X*(T), G m ) is a torus over Q e . 

Let us concentrate on one direct summand (f*Qi) K - For a rigidified endoscopic 
datum (k, p) (see Def. I3.2.2[) . we can associate a quasi-split reductive group scheme 
H over A, called an endoscopic group of G. Our previous results in the global 
Springer theory all go through for quasi-split groups such as H (see Sec. 13. ip . In 
particular, we have the enhanced parabolic Hitchin fibration fn '■ A4^ 1 — ► Ah for 
H, and we can consider the complex fn.*Qi as well as its K-part {fH.*Qe)K- Now 
this /c-part is isomorphic to the stable part (fH,*Qi)st (see Rem. I3.1.3[) . 

The bases Ah and A are related by the following diagram 

Ah.o = A H x x X @ " A e = A x x X e 

Oh 9 

A H A 

We briefly clarify our notations here. The morphism Ae -> A is a connected etale 
Galois cover with Galois group 6. We choose O large enough so that the endoscopic 
groups H associated to any (k, p) are split over Ae- Let W K be the stabilizer of n 
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in W, then W K can be written as a semidirect product Wh x tto(k), where Wh is 
the Weyl group of the split form of H, and 7To(k) is a finite group acting on H by 
outer automorphisms. The datum of p in the definition of the rigidified endoscopic 
datum is a homomorphism p : O —> ttq(k). 

The complex 6* H (f H ,*Qi) K is Wh x p 6 = X*(T) x (W H x p 6)-equivariant with 
respect to the Wh x p 0-action on Ah,&', the complex 9*(f^Q e ) K is W-^ x = 
(X*(T) x W«) x 0-equivariant with respect to the W K x 0-action on „4e- 

Theorem B (the Endoscopic Decomposition Theorem, see Th. I3.2.8|) . There is a 
natural quasi-isomorphism of complexes on A@: 

P,H=H P 

where the direct sum runs over all homomorphisms p : — > t:q(k) (so that the endo- 
scopic groups H in the summands are determined accordingly) andr K = dim(/ par ) — 
dim(/j^ ar ). Moreover, for each p, the embedding of the direct summand indexed by 
p in the above isomorphism 

VH,eMf H ,Mi),[-2r^\{-r K ) ^ 6*(M e ) K 

is (Wh x p 0, W K x Q)-equivariant under the embedding 

T p : W H x> p = X»(T) x {W H x p 0) -> (X,(T) x W K ) x = W K x 

(A, tOtf, c) h-> (X,w H p{o-),cr). 

On one hand, this theorem is analogous to the Induction Theorems in the classi- 
cal Springer theory (see [AL] .|T]): on the other hand, this result is also an analogue 
of the Geometric Stabilization of the Trace Formula proved by Ngo in |N08[ Th. 
6.5.3]. Note that our result is a statement on the level of complexes (which con- 
tains information about the non-semisimplicity of the affine Weyl group actions), 
whereas [N08l Th. 6.4.3] is a statement on the level of perverse cohomology which 
does not see the non-semisimple actions but suffices for the purpose of proving the 
Fundamental Lemma. 

1.1.3. Langlands duality. In Th. B, if k G ZG(Q ( ), we have H = G, therefore the 
theorem is an empty statement. In this case, the K-part of /*Q^ is essentially the 
stable part (/*Q^) s t of f*Qi (see Prop. I2.3.2p . The name "stable" comes from the 
fact that for the usual Hitchin complex, the Frobenius traces of the stable part give 
stable orbital integrals. Our next result gives a way to partially understand the 
non-semisimplicity of the action of X*(T) on (/*Q^) s t, using the Langlands dual 
group G v (defined also over k, not over Q^). 

We can identify the enhanced Hitchin bases Ag and Ag v using a Killing form 
on t. We denote them simply by A. Consider two complexes on A: 

K = (lQ e Ud](d/2); L = (/^Q,) st [d](d/2), 

where d is the common dimension of and M^. Let K l , L % be the perverse 

cohomology sheaves of K and L. 

On one hand, we have the action of the lattice X»(T) on K by [Yunll Prop. 4.4.6]. 
Since K is the stable part of f*Qg, this action is unipotent (i.e., equals the identity 
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when passing to perverse cohomology). Hence for A S X^T), the endomorphism 
A — id on K induces a map 

Sp l (A) := P W{\ - id) : K l -> J&- x [\], 

which can be viewed as a "subdiagonal entry" of the unipotent action A with respect 
to the perverse filtration on K . 

On the other hand, we have the action of the lattice X*(T V ) on L by cup product 
with the Chern classes ci(£(A)), A <E X*(T V ). These Chern classes are what we 
used to extend the affine Weyl group action to the DAHA action in |YunII[ Sec. 3]. 
Passing to perverse cohomology, the induced map 

Uci(£(A)) :V A i+2 (1) 

is in fact zero (see Lcm. I4.1.7j) . Therefore, it makes sense to talk about the "sub- 
diagonal entries" : 

Ch*(A) := p H 4 (Uci(A)) : V -> A i+1 [l](l). 

The following theorem gives a Verdier duality between the perverse sheaves K l 
and L l , together with an identification of the above two lattice actions. 

Theorem C (See Th. 14.1.31 and I4.1.8p . For each i 6 Z, there are natural isomor- 
phisms of perverse sheaves on A: 

(1.2) K~ l ~ BiT = V(i). 

Moreover, for each A 6 X*(T) = X*(T V ), we have a commutative diagram 

(1.3) K~* ^DA* 



Sp-(-A) 



(BSp° +1 (A))[l] 



Ch*(A)(t) 



_^-DA' l+1 [l] *-L t+1 [l](i + 1) 

where the two rows are the isomorphisms in (l.ty) . 



This theorem is inspired by the mirror symmetric approach to the geometric 
Langlands conjecture. Using the physicists' language (cf. [KW]), the X*(T)-action 
on K is the analogue of the 'tHooft operators on the Hitchin stack A^g 1 ' while the 
X*(T v )-action on L is the analogue of the Wilson operators on the Hitchin stack 
A4qv- It is expected that under the classical limit of the geometric Langlands 
correspondence (i.e., an equivalence between the derived categories of coherent 
sheaves on AAq 1 * and A'tgv), the 'tHooft and Wilson operators are intertwined. 
The commutative diagram (jl.3p is the shadow of this expectation on the level of 
perverse cohomology sheaves, after passing first from the derived categories to the 
K-groups, and then from the K-groups to cohomology. 

1.1.4. An example. The first nontrivial example of the global Springer actions is a 
parabolic Hitchin fiber M for G = SL(2), which is a union of two P^s intersecting 
transversally at two points. We write W = Za v x (s) where a v is the unique 
positive coroot and s is the reflection in W = S2. Then the action of a v and s on 
H 2 (M), under the natural basis dual to the fundamental classes of the two P^s, 
are given by the matrices 

1 2 \ w / -1 -2 



si 1 -1 7 V 2 3 
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In particular, we see that the action of a v is unipotent but not identity (i.e., non- 
semisimple) . 

This example, together with its "Langlands dual" example, also gives an instance 
in which the commutative diagram (|1.3[) proved Th. C carries nontrivial informa- 
tion. In fact, this example belongs to an interesting class of parabolic Hitchin fibers 
which are called subregular. We will study these subregular fibers in more detail in 

m- 

1.2. Applications. There is an application of the global Springer theory to p- 
adic harmonic analysis, suggested by Ngo. For this we work over the ground field 
k = F q (although in the previous papers we assumed k to be algebraically closed, 
this assumption is not necessary). 

The motivation of Springer's study of Weyl group representations, as the author 
understands, is their relationship with Green functions. For each conjugacy class [w] 
in W , there is a Green function Q[ w ] , which is the character value of certain Deligne- 
Lusztig representations on the unipotent elements of G(¥ q ). For large char(F 9 ), we 
can work with nilpotent elements in the Lie algebra instead of unipotent elements 
in the group, and view Q[ w ] as a function on the nilpotent elements of 0(F g ). The 
work of Springer ([S]) and Kazhdan ( [Kaj l shows that 

Q\w]{i) = Tr(Frob 7 ow, 7r*Q £ ) 

for any representative w £ [w] and any nilpotent clement 7 6 g nll (F q ). 
In the global situation, we can consider the following quantity 

(1.4) Tr(Frob a ^,/P-Q,) 

for w G W and (a, x) € (A x X)(¥ q ). This is essentially a product of local orbital 
integrals, one of which (at the place x € X(W q )) is the orbital integral of a Deligne- 
Lusztig function (which is a compactly supported function on g(F x ) inflated from 
a usual Deligne-Lusztig virtual character). 

Kottwitz ( [Koj ) conjectured an identity between orbital integrals of Deligne- 
Lusztig functions for G and its endoscopic groups. Using Th. B above, and taking 
twisted Frobenius traces as in (|1.4[) , we expect to prove a Lie algebra analogue of 
Kottwitz's conjecture in the function field case. Note that Kottwitz's conjecture 
has already been proved by Kazhdan- Varshavsky in |KVj using group-theoretic 
methods, based on Waldspurger's deep work on the Fourier transform of stable 
distributions. 

Other applications to representation theory are joint work in progress with 
R.Bczrukavnikov and Y. Varshavsky. 

1.3. Organization of the paper and remarks on the proofs. In Sec. [H we 
prove Th. A about the support of simple constituents of p H l (/» ai Q^). This is 
the technical heart of all the subsequent study of f* ar Qg. The proof is based 
on Ngo's idea in proving his "Theoreme du support" in N08 , which is the key 
geometric ingredient in his proof of the Fundamental Lemma. We then study the 
K-decomposition of f^Qp in Section |2~21 and |2~51 

In Sec. [31 we prove Th. B about the endoscopic decomposition. Before stat- 
ing the theorem, we first make some remarks about how to generalize our results 
up to this point to quasi-split group schemes, because they will soon show up as 
endoscopic groups. The proof of Th. B is a bit lengthy. The complication results 
from the attempt to establish an isomorphism between complexes, not just perverse 
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cohomology sheaves. The proof relies on Ngo's unpublished results on endoscopic 
correspondences, which we record in App. [Al Eventually we reduce the proof 
to a calculation of the endoscopic correspondence over the generic locus, which 
essentially only involves the geometry of nodal curves. 

In Sec. [4l we prove Th. C about Langlands duality. For this, we need an explicit 
description of the Picard stack V and its Tate module, which we give in Sec. 14.31 
This description uses the result of Donagi-Gaitsgory on the regular centralizer group 
scheme ( |DGj ). The proof of Th. C has two major ingredients: one is the simple 
observation that Ext 1 between middle extensions of local systems are determined by 
the Ext 1 between the local systems; the other is a manipulation of the Abel-Jacobi 
map for curves. 

In Sec. 03 we present the calculation of the W-action on the cohomology of a 
subregular parabolic Hitchin fiber for G = SL(2). We also verify (partially) Th. C 
in this case in Sec. 15.31 

Acknowledgment. I would like thank B-C.Ngo for allowing me to use his un- 
published results. I would like to thank my advisor R.MacPherson who, among 
many other things, taught me how to actually do calculations with cohomologi- 
cal correspondences. I would also like to thank R.Bezrukavnikov, R.Kottwitz and 
Y.Varshavsky for helpful discussions. 

2. The Support Theorem and consequences 

In this section, we study the perverse cohomology of the parabolic Hitchin com- 
plex. The main result is the Support Theorem (Th. I2.1.ip . which is a key technical 
result for later sections. From the Support Theorem and the results of Ngo in 
[N08j , we determine the supports of the K-parts of the enhanced parabolic Hitchin 
complex. 

2.1. The Support Theorem. Consider the proper map / : Ai paT — > A whose 
source is a smooth Deligne-Mumford stack. By the decomposition theorem [BBD, 
Th. 6.2.5], we have a non-canonical decomposition 

(2.1) fJk = (BFi[-ni] 

where / is a finite index set and each Ti is a simple perverse sheaf on A. 

The Support Theorem we will state is the analogue of the following classical 
statement: the direct image sheaf Tr :t Q e of the Grothendieck simultaneous resolution 
7r : q — > g is the middle extension from its restriction to g rs . 

Recall the following maps 



A j~ .4 x A — »- A 

2.1.1. Theorem. For each simple perverse sheaf Ti appearing in the decomposition 
H2.1]) . its support Z is an irreducible component ofp~ 1 (p(Z)). In particular, Ti is 
the middle perverse extension of its restriction to A rs . Equivalcntly, 

p tt*lQe ( p ~tl*fM) 
where j rs : ,4 rs ^ A is the open embedding. 
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Proof. Recall that the global invariant S : A — > Z>o is upper semi-continuous. Let 
5z be the generic (minimal) value of S on p(Z). Let us recall the notion of the 
amplitude of Z following [NM 7.2]. Let occ(Z) = {m\i S Z,Supp^ = Z}. Then 
the amplitude of Z is defined to be the difference between the largest and smallest 
elements in occ(Z). 

Consider the V- action on yV( par over A. In this situation, we can apply [N08, 
Prop. 7.2.3] to conclude that the amplitude of Z is at least 2(dim("P/„4) — Sz)- 

Now we can apply the argument of [N08, 7.3] to show that codirn^(Z) < Sz- For 
completeness, we briefly reproduce the argument here. By Poincare duality, the set 
occ(Z) is symmetric with respect to dim(.A/( par ). Let n + be the largest element in 
occ(Z). Since the amplitude of Z is at least 2(dim('P / A) — Sz), we conclude that 
n + > dim(A / t par ) + d\m(V / A) — Sz- Suppose Tj has support Z and rij = n+. Let 
U be an open dense subset of Z over which Tj is a local system placed in degree 
— dim(Z). Pick a point a G U(k). Since 

? ilT, c H n +- dim(z) (7W£ ar ,Q f ), 

we necessarily have 

dim(X par )+dim(PM)-fc-dim(Z) < n+-dim(Z) < 2dim(XE ar ) = 2dim(V/A). 

This implies that codim^(Z) < Sz- 

Recall from [Yunll Rem. 3.5.6] that codim^(^l ( 5) > 5. This implies that 
codim^(Z) > codim_4(p(Z)) > Sz- Therefore the inequalities must be equalities, 
i.e., 

codim^(Z) = codim.4(p(Z)) = Sz- 

This forces that q(Z) = p(Z) x X and that Z is an irreducible component of 
q- 1 (p(Z)xX)=p- 1 (p(Z)). 

Since ({a} x X) IS is dense in {a} x X for any a G A(k), we conclude that q(Z) IS is 
dense in q(Z) and therefore Z rs is dense in Z. Therefore the simple perverse sheaf 
Ti is the middle extension of its restriction on Z TS . This completes the proof. □ 

2.1.2. Remark. Using the same arguments, we can show that the /» ar Q £ decompo- 
sitions as a direct sum of shifted simple perverse sheaves, and each simple perverse 
sheaf has support of the form Z' x X, where Z' is an irreducible closed subscheme 
of A. In particular, 

p n*frQ e = j!*y s 'TH*/r%) 

where j TS : (A x X) rs e — ► A x X is the open embedding. 

2.2. The K-decomposition. By [Yunll Prop. 4.4.6], there is an action of X*(T) 
on the enhanced parabolic Hitchin complex /*Q f . By |YunI| Rem. 4.3.7], over ^4 rs , 
this action is induced by the morphism 

(2.2) s : X*(T) x _4 rs -^V^V. 

This morphism induces a surjective homomorphism of sheaves of abelian groups 

(2.3) vr ( S ) : X,(T) -> 7r (PM) = P*tt (PM). 

where p : — > ^4 is the projection and X*(T) stands for the constant sheaf on A 
with stalks X*(T). 

On the other hand, since P acts on A1 par over A, by homotopy invariance (see 
|LN| Lemme 3.2.3]), it induces an action of ttq(V/A) on p H l f*Q e , by the same 
argument as in |N08|, 6.2.1]. 
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2.2.1. Lemma. For each i 6 Z, the action o/X*(T) on p H l f*Q e factors through the 
ttqIV / A) -action via ttq(s) in 12. 3\) . In particular, the action o/X*(T) on p H l /»Q f 
factors through a finite quotient, hence semisimple. 

Proof. By Th. 12.1. 11 it suffices to check this statement over „4 rs . Over _4 rs , the 
action of X, (T) comes from the map s in (|2.2p . therefore the action of X* (T) on 
f*Qt\lxs factors through the homomorphism tt (s) in (|2.3p . Since ir (V/A) is a 
constructible sheaf of finite abelian groups (see [Yunll Def. 3.2.10]), the homomor- 
phism ttq(s) necessarily factors through a finite quotient of X*(T). □ 

2.2.2. Remark. In contrast to the semisimplicity of the X* (T)-action on the per- 
verse cohomology sheaves p H l /„Q^, the action of X*(T) on the ordinary coho- 
mology sheaves R*/*Q^ is not semisimple. We will give an example of this non- 
semisimplicity in Sec. [5l 

By Lem. 12.2.11 it makes sense to decompose the object /*Q^ G D h c (A) into 
generalized eigen-subcomplexes of X* (T) : 

(2.4) jMt= (f*®i)«- 

where T = Hom(X, t (T), G TO ) is an algebraic torus over and k runs over fi- 
nite order elements in T(Q e ). Each subcomplex (f*Qi) K is characterized by the 
property that the action of X*(T) on p H % (f :t Q e ) K factors through the character 
k : X st (T) — > . Over _4 rs , the action of X*(T) comes from the map s in (12. 2|) . 
therefore this decomposition is also the decomposition according to generalized 
eigen-subcomplexes of n (P/A). Hence, passing to perverse cohomology sheaves, 
the decomposition (|2.4p coincides with the K-decomposition defined by Ngo in [N08, 
6.2]. Similarly, we have a decomposition of f* ar Qe into K-summands. 

2.2.3. Definition. The stable part (/*Q^) s t of the complex f*Qe is defined as the 
direct summand in the decomposition (12. 4p corresponding to k = 1. 

In other words, (/*<Q^) s t is the direct summand of /*Qf on which X*(T) acts 
unipotently. 

Following [N08l 6.2.3], for k G f{Q e ), let .A™ the locus of (a, J) G -4 rs such that 
k : X*(T) — > factors through the homomorphism s(a, of) : X*(T) — > ^(T^q). Let 
„4 K be the closure of A" in A. 

2.2.4. Proposition. TTie support of any simple constituent of ©j P H l (/*Q £ ) K is an 
irreducible component of A K ■ 

Proof. By Th. 12.1.11 it suffices to show that for any simple constituent T of 
©/EP^Q^I^, the support of T is an irreducible component of A™. 

We would like to apply the general result |N08[ Corollaire 7.1.18] to the fibration 

Jrs . ^par] _^ Jrs together with the action f f\ ^ Note that Jrs . ^parj _^ _> 

A rs is the base change of the usual Hitchin fibration / Hlt : Al Hlt — > -4, therefore 
all the conditions in |N08| Corollaire 7.1.18] are satisfied by the discussion in |N08[ 
7.6]. We conclude that the support of T is an irreducible component of A™, and 
the proposition follows. □ 
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Let W K be the stabilizer of k in W. Then according to |YunI( Prop. 4.4.6], 
(/*Q^)« has a natural W K := X*(T) x W K -equivariant structure with respect to the 
action of W K on A K via the quotient W K — > W K . 

2.2.5. Remark. Let A\ K \ C Abe the image of A K . Then, as the notation suggests, 
A\ K \ only depends on the W-orbit |k| of k e T(Q g ). The finite morphism q K : A K — » 
Ai K t x X is invariant under W K . However, in general, q K is not a W K -branched 
cover. 

2.3. The K-part for k E ZG(Q e ). Let G be the connected Langlands dual group 
of G defined over Q^, then T is a maximal torus in G. In this subsection, we 
concentrate on the direct summands (/*Q^) K where k E ZG(Q e ), the center of G. 
Our goal is to show that such (f*<Qig) K is naturally isomorphic to the stable part of 
/*Q £ (see Def. I2~2~31) . 

2.3.1. Decomposition according to connected components. Recall from |YunII|, Sec. 
3.5] that the connected components of Bun^f r are naturally parametrized by the 
finite abelian group £1 = X*(T)/Z$ V . For each u E O, let M^ al be the corre- 
sponding component and : M^ aT — » -4 be the restriction of /. Let e e (] be the 
identity element. By |YunII| Lem. 3.4.2], the correspondences Tiq, for w E W a ff 
preserve the components of 7W par because the correspondence 7iecke<~ n preserves 
the componenets of Bun^f 1 ; i.e., 

Therefore, each f u ^Q>£ has a Waff-equivariant structure compatible with the In- 
action on A. In particular, the coroot lattice Z<I> V acts on each complex /^.*<Q^, 
and we similarly have the ^-decomposition according to the characters of Z$ v , here 
K E f ad (Q £ ) and T ad is the image of f in the adjoint form of G. Let (f u ,*Qt) a t be 
the part corresponding to 7t = 1 E T (Q^), i.e., the part on which the Z<I> v -action 
is unipotent. Each (f u ,*Qi)st is direct summand of /*(Q^. The direct summand 
(fe,*Qe)st carries a Wag-action. 

When k E ZG(Qf), it is fixed by the W-action on T, hence (f*Qe) K carries a 
W-action. 

2.3.2. Proposition. Let n E ZG(Qf). Then the projection to the direct summand 
(/e,*Qe)st defines a W^g-equivariant isomorphism 

(2.5) (fM), = (fe,*®i)*t. 

In particular, there is a canonical W a g-equivariant isomorphism 

(2.6) {lQe) K = (M)st- 

Proof. We first claim that the following two direct summands of /*Q^ are the same 

(2.7) (/*Q*)« = ®C/W^)st. 

K<EZG(Q t ) 

In fact, both sides are the subcomplex of on which Z$ v acts unipotently. 

The projection to the direct summand (f e ,*Qe)st is clearly equivariant under 
Waff. To check (|2.5j) is an isomorphism, it suffices to check that it induces an 
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isomorphism on the level of perverse cohomology. The equality (12. 7|) implies an 
equality 

(2.8) p H*(/*Q,) K = p H*(/^Q,) st . 

K,ez&(Q e ) 

On one hand, the action of X^T) on the LHS of (|2.8|) factors through the 
quotient f2, and acts on each direct summand P H*(/»Q^) K via the character k. On 
the other hand, for A S X*(T) with image uo\ €E fi, we can view toi as an element 
in fii (see |YunIIl Sec. 3.3]), hence an element in W. Since XW a s = WiWaff, the A- 
action permutes the summands on the RHS of (|2.8[) in the same way as u>\ permutes 

the summands: P H* {fu,*Qe)st is sent to P H* (fu-ui,*Qi)tst (the minus sign appears 
because the action of cji on complexes are given by the pull-back functor i2* ). In 
other words, as f2-modules, we have 

(2.9) p H*(./L iSt Q £ ) st ^ p H*(/ e ,»Q £ ) st ®QM' 
wen 

Here the Q^[Q]' is the group algebra of f2 with the inverse action of the regular 
representation of f2, and the Sl-action on the RHS of (|2.9[) is trivial on (f e .*Qe)st- 
Combining (|2.8[) and (|2.9p we conclude that there is an fi-equivariant isomorphism 

p H*(/.Q £ ) K £ p H*(/ e ,*Q,) st ® 

In other words, 

where Q^(/t) is the one-dimensional summand of Q^[f2]' where fi acts through the 
character k. Since the projection Q^(k) =— > Q^[0]' -» (Q^e is an isomorphism, the 
projection to the direct summand p H*(/ e ,*Q^) s t also induces an isomorphism 

P H*(/*Q^ = p H*(/^Q,) st ® ^> p H*(/ e ,»Q,) st . □ 

2.3.3. Remark. The isomorphism (/*Q^) K = (/*Q^) s t m Prop. 12.3.21 is W a a- 
equivariant but noi VF-equivariant for k ^ 1. However, the unipotent parts of 
the actions of X*(T) on (f*Qe) K and (/*<Q^) s t are intertwined under the isomor- 
phism (|2.6p . In fact, since X*(T)q = Q<I> V , the logarithm of the unipotent part of 
the X*(T)-action is determined by its restriction to Z$ v . 

3. The Endoscopic Decomposition Theorem 

In this section, we study the K-part of the enhanced parabolic Hitchin complex 
using endoscopic groups of G. The main result is the Endoscopic Decomposition 
Theorem (Th. I3.2.8[) , which reduces the study of such a K-part to the study of the 
stable parts of the enhanced parabolic Hitchin complexes for the endoscopic groups 
of G. We expect to apply this theorem to the harmonic analysis of p-adic groups 
in the future. In the proof, we need the notion of endoscopic correspondences due 
to Ngo (unpublished). For the reader's convenience, we record Ngo's results on 
endoscopic correspondences in App. [X] 
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3.1. Remarks on quasi-split groups. In this subsection, we briefly explain how 
the results in |YunI| Sec. 4] generalize to quasi-split reductive group schemes over 
X. 

We fix a pinning (B,T,x a ) of G, where T is a maximal torus contained in the 
Borel B and x a G Q a — {0} for every simple root a. We identify the outer auto- 
morphism group Out(G) = Aut (G)/G ad with the subgroup of Aut(G) stabilizing 
this pinning. 

Let Xq — > X be an etale Galois cover with Galois group and let p be a 
homomorphism p : — > Out(G) C Aut(G). This homomorphism gives a quasi- 
split form of G: 

e, P 

H = G p Xq x G. 

which is a connected reductive group scheme over X with a Borel subgroup scheme 

e,p 

B H =X e x £?. 

The definition of the parabolic Hitchin moduli stack M^ 1 extends to the case of 
the quasi-split group scheme H in a straightforward manner. We can also formu- 
late it using the curve Xq: the stack classifies parabolic Hitchin quadruples 
(y,£0,ipe,£y) for the curve Xq and the constant group G, together with a 0- 
equi variant structure. 

Since Out(G) acts on t and c, also acts on them via p. Let 

&, P 

iH,D '■= Xq X l D \ 
CH,D ■= Xq X C£>. 

We can define the Hitchin base A H 1% as the affine space H (X, Ch.d) = H°(Xe, C£>) e . 
We can also define the enhanced Hitchin base Aq as the Cartesian product (^l^ 1 * x 
X) Xc H d ^h,d- We also have the parabolic Hitchin fibration 

fgx . ^par Th^ ^ 9^ A Hit x x 

Let 8 : Ah,b = Ah x x Xq — » Ah be the projection. Note that W x p acts on 
«4fl",e with GIT quotient equal to ^l^ 1 * x X. 

In the following, we restrict to the open subset Ah C yl^ 1 *' 3,111 as in [Yunll Rem. 
3.5.6]. Now we can state the counterpart of [Yunll Th. 4.4.3] (or rather [Yunll 
Prop. 4.4.6]) in the case of quasi-split group schemes. 

3.1.1. Theorem. There is a natural W x p Q-equivariant structure on the complex 
9*fH,*Qt> compatible with the action ofWy> p Q on Ah,o via the quotient W / x p -» 
14 7 xi p 0. Here the G-action on 0* fn,*Qe * s ^ e tautological one given by the Q-torsor 
6 : Ah,q — » Ah- 

The proof of this theorem is similar to that of [Yunll Th. 4.4.3], which we omit 
here. 

3.1.2. Remark. We can restate the above theorem without passing to the cover 
Ah,b of Ah- Let 

e,p — e,p — 

W := X @ x W; W := Xq x W. 
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be finite group schemes over X. Then the group scheme W_ acts on Ah- Th. 13.1.11 
can then be reformulated as follows: there is a natural VK-equivariant structure on 
fn,*Qi, compatible with the action of W_ on Ah via the quotient W_ -» W . 

3.1.3. Remark. We can decompose the complex fn,*Qe m to the generalized eigen- 
subcomplexes of X* (T) , but with O-ambiguity. More precisely, we have 

Ih,Mi = {f H ,*Qeh 

K6T(Q f )/e 

where the direct sum is over the 8-orbits on T(Q e ). In particular, for k s T(Q g ) e , 
we have a well-defined summand (fn^Qe)*- We also have an analogue of Prop. 
12.3.21 for quasi-split groups: if k 6 ZH(Q e ) & , then (/ij,*Q^) K is isomorphic to 
the stable part (fH,*Qt)st- m this case, the support of any simple constituent of 
p H*(fH .*Qe)K is an irreducible component of Ah, by the argument of Prop. 12.2.41 

3.1.4. Remark. We finally make a few remarks about the Hecke correspondence 
for Ad 1 ^ 1 when H is quasi-split. As in [Yunll Sec. 4.1], we can introduce the 
Hecke correspondence Wecke'y r of M v ^ over Ah x X, however, over (Ah x X) rs , 
the reduced structure of Tiecken does not necessarily split into a disjoint union of 
graphs of automorphisms of J^4 H lllt '. It is more convenient to pass to the 0x6- 
cover Hecke^Q := Xq xx Hecke 1 ^ 1 xx X®, which is a correspondence 



Hecke?! 




Weckeg-e ^ - X @ ; 

Hecke^ S M p £ - Xq 

are the projections of Hecke^'g, = Xq Xx Hecke^ 1 Xx Xq onto the first and third 
factors. 

Analogous to [Yunll Cor. 4.3.8], there is aright action of Wx p Q on ■M^eli^-n^x) 
compatible with the W x p 0-action on Ah,&, such that the reduced structure of 
Hecke^g, 18 is the disjoint union of the graphs of the W xi p 0-action. We denote the 
closures of the graph of w <E W x p G by Tin, a- The cohomological correspondences 
\H H ,w] G Corr(7W?^ r e ; Q e Mi) are used to construct the W x p 6-action on f H ™ e ^Q e . 

3.2. Statement of the theorem. In Sec. 12.21 we have written f*Qe into a direct 
sum of K-parts. In Sec. 12. 3[ we studied the K-parts whose supports are the whole 
of A. In this subsection, we will study the rest K-parts, which are supported on 
proper subschemes A K of A. We will relate the complex (/*Q^)« to the K-parts of 
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the parabolic Hitchin complexes fH,*Qe of the endoscopic groups H of G, in a way 
which respects the affine Weyl group actions. We will see from the construction that 
k 6 ZH(Q e ) e (notation to be introduced later), therefore (fH,*Qe)n is isomorphic 
to the stable part of fH,*Qe by Rem. 13.1.31 In this way, we have reduced the study 
of the various K-parts of f*Qe to the study of the stable parts of the enhanced 
parabolic Hitchin complexes for G and its endoscopic groups. 

3.2.1. Endoscopic groups. Let G be the connected reductive group over which 
is Langlands dual to G. More precisely, G is a connected reductive group with a 
pinning (B,T,x a ), where T = Hom(X*(T), G m ), such that the based root system 
determined by (G,B,T) is identified with the based coroot system $ v '+ c <i> v C 
X*(T) of G. Let k e T(Q e ) be an element of finite order. Let G K be the centralizer 
of k in G. Let H = G° be the identity component of G K , which is a connected 
reductive group over containing the maximal torus T. The group H inherits a 
pinning from that of G. Let Wh be the Weyl group associated to the pair (H,T). 
Let 7To(k) be the component group of G K . The conjugation action gives a natural 
homomorphism 

(3.1) o K : tto(k) -» Out(tf). 

where the outer automorphism group Out(_ff ) can be identified with the finite group 
of automorphisms of H stabilizing the pinning. 

Recall that W K is the stabilizer of k under the VT-action on T. We have an exact 
sequence of groups (see |N06[ Lemme 10.1]) 

1 -> W H W K -> 7r ( K ) -> 1. 

We can also identify ttq(k) with the subgroup of W K which stabilizes the pinning of 
H, hence we can write W K as a semi-direct product W K = Wh x tto(k)- 

As in [NO 8 1 Lemme 6.3.6], we choose a large enough quotient of tti(X, rjx) {ijx 
is the geometric generic point of X) so that any homomorphism ni(X, r)x) — * tto{k) 
factors through 0. Let X® — > X be the associated 0-torsor over X. 

3.2.2. Definition ([N08], Def. 1.8.2, called a "donne endoscopique pointee" there). 
A rigidified endoscopic datum is a pair (k, p) where k £ T(Q ( ) is a finite order 
element and p : — > ttq(k) is a homomorphism. 

Given a rigidified endoscopic datum (k, p), we can form a quasi-split group 
scheme H over X, called the endoscopic group associated to (n,p). Recall the 
construction of H . Take H sp to be the connected reductive group over k with a 
pinning which is Langlands dual to that of H. The pinnings of H sp and H give a 
canonical isomorphism Out(i7 sp ) = Out(H). We identify Out(i7 sp ) with the group 
of automorphisms of H sp which stabilize the pinning of H sp . Therefore acts on 
H sp via 

o K o p : A 7t (k) ^ Out(-ff) = Out(H sp ). 

3.2.3. Definition. The group scheme 

H = Hp := X @ x H sp . 

is the endoscopic group scheme over X associated to the rigidified endoscopic datum 
(K,p). 
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A quasi-split group scheme H over A is said to be relevant to k if it arises as H p 
for some rigidified endoscopic datum (K,p). 

3.2.4. Relating the Hitchin bases. As remarked in Sec. 13.11 we can define the 
Hitchin base Ah, the universal camcral cover Ah and the parabolic Hitchin fi- 
bration 

f H m ' : M p H ai ^ A H ^ A H x X. 
The relative dimensions of f H al and / par are related by (see [N081 4.4.6]) 

(3.2) rg := dim(/P ar ) - dim(/JT) - (#* - deg(£>)/2. 

where $ and <&h are the sets of roots of G and H respectively. Note that r H 
depends only on k and not on p. We will simply write r K for r H . 

According to [N08L 4.15] and }N06|, 7.2], there is a finite, unramified morphism 
Ph ■ Ah —> A whose image is contained in A\ K \ (see Rem. I2.2.5j) . 

3.2.5. Construction. We will relate Ah and A via the spaces -4ff,e := Ah xjle 
and Aq := Axx Xq. We have a Cartesian diagram 

Ae x x tzj 




Ah x X 



Xq X X 



'Aq ^x (t//W H )D 



tff n 



CH.D 



From this we get a commutative diagram 
A H ,e 



tin x id 

A H x X- *A x X 



Ae xjc to 



CD 



which gives a finite morphism 

MH,e : A h ,b -> -4e = (A e x x to) x CD (.4^ x A). 



3.2.6. Lemma. 

(1) TTie image ofpn.e is contained in A k .q 

(2) TTie morphism, 

U„ M-Hp.e 



A x x A e . 
A K e 



,9:0— >7T (k) 

is an isomorphism over A^q. 

Proof. The argument of |N08|. Prop. 6.3.4] shows that for each p and H = H p , the 
restriction of pn.e to Aq is a closed embedding. The argument of of |N08[ Prop. 
6.3.7] shows that PH,e(A H e ) C A™ e and that A™ e is the disjoint union of the 
images of A H e for different p. Taking closures, we get the conclusion. □ 
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We summarize the relation among the various Hitchin bases by the following 
commutative diagram (for fixed p and H = H p ) 



(3.3) 



A 



H,e 



A H 



A H x-X ^ A[ K ] x XC 




■Ax X 



3.2.7. Remark. According to Th. I3.1.1[ we have a Wh x p 9-equivariant struc- 
ture on the complex H fH,*Qe> which is compatible with the action of Wh x p 9 
on Ah.&- By Rem. 13.1. 3[ there is a well-defined generalized eigen-subcomplex 
(/ff,*Q^)« of fn,*Qe since k £ T(Q e ) e . Since k is fixed by W H x p 9, the subcom- 
plex (0* H fH.*Qi)K C 9 H fH,*Qi also has a Wh x p 9-equivariant structure. 

On the other hand, since (f*Qe) K is WK-equivariant, the pull-back 0*(f*Qi) K is 
W K x 8-equi variant, compatible with the W K x 9-action on A K ,e- 

Finally, the morphism J1h,q is equivariant with respect to the embedding 



(3.4) 
(3.5) 



i p :W H x p e 



w K x e 



(w H ,cr) i-> {whp{ct),o)- 



The embedding i p extends uniquely to an embedding 



id ysi 



(3.6) T p : W H x p 9 = X*(T) x (W H x p 9) ^ X*(T) x (VK K X 6) = W« X 6. 

Now we can state the Endoscopic Decomposition Theorem. 



3.2.8. Theorem. Fix a finite order element k S T(Q^). Fia; global Kostant sections 
for the Hitchin fibrations f mt : M mt — » .4 and /™* : A^'* — > Ah for all endo- 
scopic groups H relevant to n. Then there is a natural isomorphism in Z?*(^4 Ki e). 

(3.7) e*(fMi) K = »H,e,*e* H (J H> *Qt) K [-2r K ](-r K ). 

P M=H P 

where the direct sum runs over all homomorphisms p : 9 — > tiq(k). Moreover, for 
each p, the embedding of the direct summand indexed by p in {3. 7\ ) 

is (Wh x p 9, W K x 9)- equivariant under the embedding T p : Wh x p 9 W K x 9 



The proof will be given in Sec. 



3.3. Proof of Theorem l3.2.8h Relating the parabolic Hitchin complexes. 

In this subsection, we give the proof of Th. 13.2.81 The strategy of the proof is the 
following: we first use the parabolic version of the endoscopic correspondence to 
construct a map as in (|3.7[) . and then we check it is indeed an isomorphism, which, 
thanks to the Support Theorem 1 2 . 1 . 1 1 and Prop. 12.2.41 reduces to a calculation over 
the generic points of A k ,q. 
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We first fix a rigidified endoscopic datum (k, p), hence the endoscopic group 
scheme H. Let dn = dim(.M^ I e ). Let Ch,b be the parabolic endoscopic corre- 
spondence between and over A&. Since Ch,b is the closure of the 
graph r(/i e ), we have dim(C H ,&/ A~H,e) = dim(/e) = r K +dim(/jj,e) by the equal- 
ity (|3.2p . Therefore dim(CH,e) = d,H + ?*«• Since we work with a fixed k throughout 
this subsection, we simply write r for r K . 

The fundamental class of Ch,b gives an element 

fee]eH™ +r) fo) - n-^ dH+r \C H ,e,^ l Q e [2d„](d H )) 

= CoTT(C H>@ ;Q e [-2r](-r),Q e ). 

Here the first isomorphism is given by the choice of a fundamental class of 0, 
which is smooth. 

The cohomological correspondence [Cue] gives a map 

[Cjr,e]# ■ fe,*Q e -> (for.e ° /ff,e)*^[-2r](-r). 

Using proper base change, we can also write [CH,e]# as 

(3.8) [C ff ,e]# : 0*/*Q* -» fe,e,.fllr7H,.Q/[-2r](-r). 

By Rem. 13.2.71 the LHS of (|3.8p admits a VF K x 0-equivariant structure, and the 
RHS of (|3.8p admits a Wjj x p 0-equivariant structure. 

3.3.1. Proposition. The map [Ch,@]# is Wh x p O-equivariant under the embedding 
Tp : \Vh x> p O 5 — ► \V K x <ie/med m 

Proof. Recall from Rem. 13.1.41 that for w £ Wh x p 0, we have the reduced Hecke 
correspondence TLh,w of M^b over ^-h x X, whose fundamental class gives the 
w-action on fn,B,*Qe- Similarly, we have the reduced Hecke correspondence 7ir p ({5) 
of M'q 1 over Ax X, whose fundamental class gives the T p (u;)-action on /e,*Q^- 
We also view Ch,b as a correspondence between M^B and over Ax X. To 

prove the proposition, we have to show that 

[C ff ,e]#°[Wr p (ffi)]# = [H H ,ah°lCH,e}# : -> (/i* xidx),/^,,<Q> f [-2r](-r). 

We will show in Lem. 13.3.21 that both compositions Ch.b * T~tr (w) and Hh.w * Ch,b 
satisfy the condition (G-2) in [Yunll Def. A. 5.1] with respect to the open subset 
U = (A x X) C (A x X). Since TLh,w and H-z^w) are graph-like, Cji,e is right 
graph-like, we can apply |YunI[ Prop. A. 5. 5] to conclude 

[C H ,e}#°[HT p (ti)}# = [Ch,o *?t p ({5)]#; 
[Hh,{s]#°[Ch,0}# = [H.h,w *Ch,o}#- 
Therefore, in order to prove (|3.9p . it suffices to show 

[Ch,& * H7T p ({5)]# = [Hh,w * Cjy,e]#- 

Again, by Lem. I3.3.2l and [Yunli Lem. A. 5. 2], it suffices to establish an isomorphism 
of correspondences between M^ T e \u and M^ T \u over U: 

(3.10) (Ch,b * 7~k p (w))\u = (Hh,w * Ch,b)\u- 
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Over the locus U — (Ax X)o, "Ht (w)\u is the graph of the right i p (u>)-action on 
■M*Q r \u- Therefore, (Cn.e * Tir (w))\u is the closure of the graph of 

(3.11) heol^w- 1 ) : M p e "\u - M^'^u - AI^TV 

On the other hand, since Sh(o.h,x) < 5{{jLh{o>h),%), the preimage of [/ under 
\Ih x idx is contained in {Ah x -X")o- Therefore TLh,w\u is the graph of the right 
w-action on M^qIu- Hence (TLh,{S * Ch,q)\u is the closure of the graph of 

(3.12) w- 1 o h e : M p e aI ' Ie % - M%% ie % - ^% ieg \u. 

We claim that the two morphisms in (|3. 1 1|) and (|3.12p are the same. In fact, for 
w- 1 = (A,u) 6 X*(T) x (Wff x? O), (where A G X*(T) and u € W H X p ©), the 
morphism h& oT p ('i« _1 ) is induced by (see [Yunll Cor. 4.3.8]) 

(3.13) A H ,e\u ><A V -> A~H,e\u *a V -> A H ,e\u ><a„ Vh 
(a H , y) i-> (u^uh, y + s\(a)) i-> (m'^h, h v (a H , y) + h v (a H , s A (a))) 

where a# 6 Aff,e|t/ has images a e _4|[/ and a# G Aff) and s\ : A rs — » T 5 is the 
morphism defined in [YunI, Rem. 4.3.7]. 

Similarly, the morphism w^ 1 o /iq is induced by 

(3.14) A h ,b\u xa V -> -4ff,e|t/ X-4 H Pi? -> -4ff,e|u x^ H P H 
(an, y) >-> {a H , hp{a H , y)) ^ {u~ x Zh, h-p{a H , y) + s h ,x{o,h)) 

where sjj^ : .4ff,e|[/ — > Vh is the morphism defined similarly as s\. 

By the construction of the morphisms h-p, s\ and sh,x, we have a commutative 
diagram 

A~H,e\u *" Ah x a A\u^^Ah x a V 

Vh 

In other words, 

h-p(an, s\(a)) = sh,\(S.h) 

Therefore, the two morphisms in (|3.13[) and (|3.14|) are the same. This implies 
that the morphisms in p. lip and (|3.12[) are the same. Since both correspondences 
in (|3.10p arc closures of the graph of the same morphism, (|3.10p is proved. This 
completes the proof of the proposition. □ 

3.3.2. Lemma. Both correspondences Ch,& * 7~iz (w) an d "Hh,w * Ch.b satisfy the 
condition ( G-2) in [YunI, Def. A. 5.1] with respect to the open subset U = {AxX)o C 
AxX. 

Proof. We let H be any finite- type closed substack of Weckeg> ar , and Hh be any 
finite-type closed substack of Hecke^Q. We will show that Cn,e * H and Hh * 
Cn,e both satisfy the condition (G-2) with respect to U. Let d = dimC^e = 
dim(^,e Xt M^ 1 ). 
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Since the reduced structures of Tt\u and H.h\u are substacks of unions of graphs 
of automorphisms of M^\u and M^ T e \u, therefore 

dim(C H ,e * H\v) < dhxx{fin,e\v) = d; 
dim(H ff *Ch,b\u) < dim(C H ,e\u) = d. 
This verifies the first condition of (G-2). Let dU = A x X — U . It remains to 
verify that the images of Ch,& * TC\au and Hh * C-H,&\du m -M^e x a -^e> ar have 
dimensions less than d. We call these conditions (G-2)'. 

Let C^°q = Ah,b xa h CJf° d be the base change of the modular endoscopic 
correspondence. By Constructions lA~2 . 1 1 the graph T{}im) naturally lifts to an open 
substack of C£ od . By Lem. IA.2.3l and the fact that M H lt x Ah (Ah x A M mt ) -> A H 
is separated, the morphism rn : C^ od — ► M H {t x Ah (Ah x a M mt ) also satisfies 
the existence part of the valuative criterion, up to a finite separable extension (as 
in Lem. |A.2.3|) . Therefore the image of C£ od in M H lt x Ah (A h x A M mt ) is closed 
under specializations (cf. |LM[ Th. 7.10]), hence closed, hence contains C, the 
closure of T(/i J vi). Similarly, the image of C^°@ in xj q M^q 1 contains the 

graph T(h@), hence its closure Cn,e- Therefore, to check the condition (G-2)' for 
Cff,e * ti and TLh * Ch.b, it suffices to check the same condition (G-2)' for C^g) * ^ 

and H H * Cff°e • ( We did not directly work with Cg°^ because we did not know 
enough about its geometry; but as far as the dimension estimates are concerned, it 
is safe and convenient to work directly with CJJ°q .) 
We first consider the composition of correspondences 




M P £ Q M p ™ M p e ai 

Fix a point an e Ah.® with image an £ Ah, o, £ A@, a £ A and igX. Assume 
that a e dU, i.e., S(a,x) > 1. Let £ e and £ = (£,a) 6 ■Mg*'. We want to 

estimate the dimension of the image of the fiber ( h ~~e)~ 1 (£) in .M^q. Recall that 
a point in this fiber determines a triple (77, t) where the -q 6 A-l 1 ^"^ x , £' £ A^g" 

and r : t\ X -{ x } ^ C\x-{x}- 

Let A a be the pull-back of the discriminant locus A C c to X via a. Since 
S(a,x) > 1, we have x £ A a . Recall the morphism h in (|A.6|1 is an isomorphism 
away from the discriminant locus of c. Therefore, (an,C) determines a morphism 

h{a H ,i') : X A Q CH Xc [tf«/G\ D h [\f s /H] D . 

By Construction l|A.2.1[) . for a pair of point (77, £') 6 M H xl ' aH x xM%% in the image of 
C^°q, the morphism 77 : X — A a — > [fj rs /-H].D is canonically isomorphic to h(an, £')■ 
Moreover, r : ~> £'|x-{>} gives an isomorphism /i(a.ff,£) — /i(aff,£'), 
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hence we have an isomorphism 

V\x-A a = h(a H , : X - A Q -» [\f/H\ D . 

In other words, the image of the fiber ( h ~e*) _1 (£) in x is contained in the 

image of the following stack in : 

^A a ,c = {('7,c r )|?7 G A^^er : J?|x-A„ = h(a H ,Q}. 

Clearly, H.A a .^ is the a product of local Hecke modifications of the parabolic Hitchin 
triple h(a,H,£)- By the discussion in YunI, Sec. 3.3], each local Hecke modification 
at v G A a is isomorphic to an affine Springer fiber in either the afhne flag variety 
(if v = x) or the affine Grassmannian (if v ^ x). By the dimension formula of affine 
Springer fibers (see [B] and [N08l 3.7]), we have 

dimHA a ,{ < ^2 8 H {a H ,v) = 8 H {a H ). 

In other words, 

(3.15) dim(Ve (7i"e ) _x (£)) < 5 H {a H ). 

Let B = JiH,e(AH,e)- For each S G Z >0 , let Bs = jujj-.eCSffeCAH',*)) c ® an d 
= B 5 n 0ET. We have 

dim(dB s ) < dim(Bs) - 1 = dim^e^,*)) - 1 

< dim(A H ,e) -6-1 = dim(S) -6-1. 

Here we have used the codimension estimate |YunI| Prop. 3.5.5]. Since the mor- 
phism /g ar : M^ r — > .Ae is flat, we have 

dimtfg") -1 ^) = dim(/| ar )+dim(9B 5 ) 

< dim(/| ar ) + dim(S) - <5-l = d-5-l. 

By the inequality (|3~T5l) . the image of ("ft e*) _1 (£) for any £ G (/ par ) _1 (d#s) 
has dimension < (5 in -M^g, we conclude that the image of (C^°q * ^01 as i n 
A^^e x ^ A^P ar is bounded by dim(/P ar )- 1 (aS 5 ) + 6 < (d - 6 - 1) + 6 = d- 1. 
Since dB is the union of dB$ for finitely many 8 G Z>o, this verifies the condition 
(G-2)' for C%°g*H. 

Similarly, one can verify (G-2)' for Hh * Ch°0- This completes the proof of the 
lemma. □ 

3.4. Proof of Theorem l3. 2. ^ Reduction to the generic points. Since [Ch,b}# 
is Wh x p O-equivariant, it is in particular equivariant under the lattice X*(T). 
Therefore, [Ch,o}# induces a map between the K-parts 

(3.16) [C H ,eh, K ■■ (fe,Jk)* -> foe,*0ir(7s,*^)/«[-2r](-r) 

which is also equivariant under (Wh x p &,W k x 8). To finish the proof of Th. 
13.2.81 it remains to show that the sum of [Ch,o]#,k for all p : 9 — » ttq(k): 

(3.17) 0[C ff , e ]#,K : (fe,*®e) K - P'H,B,*8* H (fH,*'Q.i)K.[— 2r](— r) 

p p 
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is an isomorphism. Equivalently, it suffices to show that ©„[Cff,e]#,n induces an 
isomorphism on the perverse cohomology sheaves. 

Since J1h,q ■ Ah,q — > Aq is finite, J1h,q,* is exact in the perverse ^-structure. 
Since : Aq — » A and Oh ■ Ah,® — > Ah are etale, 0* and 0* H are also exact in 
the perverse ^-structure. Therefore, the map (|3.17|) induces the following map on 
perverse cohomology: 

(3.18) p ff([C fl , 9 ] # , K ) : 0**11* (f*Q e ) K - /^,e,*^ff- 2r (/^Q,) K (-r). 

p p 

By Prop. 12.2.41 the support of the simple constituents of p H l (f*Q e ) K are irre- 
ducible components of A K . This implies that p H' l (f^Q e ) K is the middle extension 
of its restriction to any open dense subset of A K . Since is etale, 0* p H l (/*Q^) K is 
also the middle extension of its restriction to any open dense subset of A Kj q. 

Again by Prop. 12.2.41 the support of the simple constituents of p H l (fH,*Qe)n 
are irreducible components Ah, because k G (ZH) e (see Rem. 13.1. 3|) . Since Oh 
is etale, 0* p H l (fH } *Qe)K is also the middle extension of its restriction to any open 
dense subset of Ah,q- By Lem. 13.2.61 the morphism 

(3.19) |J JlH.e : |J A h ,q -> A K ,& 

p p 

is finite and birational. Therefore, the perverse sheaf @ p Ph,q,*O h p ^- 1 (fH,*Qe) k is 
still a middle extension of any open dense subset of -A K ,e- 

From the above discussions, we conclude that both sides of (|3 . 18[) are middle 
extensions of their restrictions to any open dense subset of A k ,q. Therefore, to 
prove that (|3.18p is an isomorphism, it suffices to check it induces an isomorphism 
over every geometric generic point of A k ,q. Since the morphism (|3.19p is finite and 
birational, every geometric generic point of A K ,@ is the image of a unique geometric 
generic point of Ah,q for a unique H (or a unique p). Hence, to prove that (|3.18|) 
is an isomorphism, it suffices to show that for every p (hence the corresponding H ) 
and every geometric generic point r\ € Ah,q, the restriction of [Ch,@\#,k on the 
stalks at r\: 

[C H ,e, v h, K ■ (e*(f*Qi)n) n (^(/H,.^)i,),[-2r](-r) 

is an isomorphism. For this we can use the explicit description of Ch over the 
generic points of Ah given in App. [A] 

Let (an, Xh) €E A h and (a, x) 6 _4 rs be the projections of 77, which are geometric 
generic points of Ah and A respectively. We have 

(3.20) (0*(lQi) K )n = U*(Ml^) K ^R*(M^) K ; 

(3.21) (0* H (fHM K )r, = H*(M^- H ) K -H*(^ aH ) K . 

Since (a, x) and (clhiXh) are in the regular semisimple locus, the X* (T)-action on 

R *( M l%) and H ; *(- A/1 H 1 a H x H ) faCtOT thr0u g h the action 01 M'Pa) and 7T (P OH ). 

Therefore, the K-parts on the last two terms of (I3.20|) and (|3.21j) can be understood 
as the parts on which Tra(V a ) or 7^o(Va H ) acts through the character 

n (V a ) ^ ir (Pa H ) ^Qe- 
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By Lem. IA.1.5[ Ch,b,ti is the pull-back of Ch along the morphism n <^-> A H e — * 

Ah- Therefore, Ch.o,^ = Cn,a H - Combining this fact with the isomorphisms (|3.20|) 
and (13.2f [) . we get 

[Ch,b, v ]# = \C H ,a H h ■■ H*(7WD - H*(A4™J[-2r](-r). 
Hence, we have reduced Th. 13.2.81 to the following 
3.4.1. Lemma. The K-part of [Ch,o. h ]#: 

[C H , aH }#, K : H*(AO« - H*(M^ aH ) K [-2r}(-r) 
is an isomorphism. 

Proof. By Lem. IA.3.1T 2). we can use induction to treat one correspondence at 
a time. The map [Ci]# is given by 

(3.22) B*{Mi) ^ H*(C 2 ) ^ H*(Mi_i)[-2](-l). 

where c7i is the Gysin map of the Perforation c7- Since V a acts on the diagram 
(|A.llj) , it makes sense to talk about the re-part of the cohomology groups in (|3.22l) . 
We need to show that 

[Ci]#,« : H*(A4 4 ) K H*(C,) K -» H*(M-i)«[-2](-l) 

is an isomorphism. 

We first analyze the P 1 -fibration a . We have a distinguished triangle 

where the second map is the Gysin map. This triangle gives a long exact sequence 

■ • • - K\Mi-i) ^ W(Ci) ^ ff- 2 (M-i)(l) - ■ • • 

We then analyze the birational morphism Cj . Let Mi C Mi be the common image 
of Cj° and C°° . Since Cj identifies C° and Cf° and is an isomorphism elsewhere, we 
have a distinguished triangle 

_> - s b°Q e . c o © b?Q e ^ 
c, 



where b°,b°°,b are the natural morphisms from Cf,Cf° and A/i to AL. The map (5 
is induced from the restrictions from Ci to Cf and Cq°. This triangle gives a long 
exact sequence 

. . . _> H i(M 4 ) ^ if (d) i ff (Ci ° } ® ff (cr) - 



H 3 (M) 
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These exact sequences all carry natural actions of ivo(Va)- Taking the K-parts of 
the 7To('Pa)-action, we still get long exact sequences. In particular, we get a diagram 

(3-23) B*(Mi-i) K 




ff- 2 (M-i)«(-i) 

where the vertical and horizontal lines are exact in the middle. 

We claim that the map e in the above diagram is an isomorphism. In fact, if we 
use the sections s? and s°° to fix identifications: 

W(Cf) K <* &(Mi-i) K s ff(C°°) K , 

the image of R j {M l -i) K in H J '(C?) K ©H i (Cf > ) K = R j (Mi-i)® 2 is the diagonal. On 
the other hand, by Lem. lAlTTU h the image of ff(M) K in H J '(C?)« © H J '(C?°)« 
H-'(A / (i_i)® 2 is the graph of the scalar map k(/3 z v ). Since k(/3 v ) ^ 1, the images of 
W(A4i-i) K and W(Mi) K are transversal with intersection 0. This proves that e is 
an isomorphism. 

Since e is an isomorphism, we know that the map Cj * in the diagram (|3.23[) 
is injective and 5 is surjective. This being true for all j 6 Z, we conclude that 
the vertical and horizontal lines in diagram (|3.23|) are also exact at the ends, i.e., 
they are short exact sequences. Again, because the upper tilted arrow e is an 
isomorphism, we easily conclude that the lower tilted arrow [Cj]# jK must be an 
isomorphism. This completes the proof. □ 

4. Parabolic Hitchin complexes for Langlands dual groups 

In this section, we study the stable part (/*Q^) s t of the enhanced parabolic 
Hitchin complex /*(Q)^ using the Langlands dual group of G. We will consider the 
enhanced parabolic Hitchin complexes for G and its Langlands dual G v simulta- 
neously, and establish a relation between the lattice part of the global Springer 
action on (/*Q^) s t and certain Chern class action on (f*Qe) s t- Roughly speaking, 
on the level of perverse cohomology, the two pieces of lattice actions coming from 
the graded DAHA action constructed in |YunII| Sec. 3] get interchanged under 
Langlands duality. This is an evidence of the mirror symmetry (or T-duality) in 
the new formulation of the geometric Langlands conjecture. 

4.1. Statement of the results. Let G be an almost simple algebraic group over k 
and let G v be the almost simple algebraic group over k which is Langlands dual to 
G. More precisely, we fix maximal tori T C G and T v C G v and an isomorphism 
X*(T) — > X*(T V ), which maps the coroot system of (G,T) to the root system of 
(G v , T v ). We use the same curve X and the same divisor D to define the Hitchin 
fibrations 

/•Hit A^Hit a fV.Hit A^Hit a 
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and the enhanced parabolic Hitchin fibrations 

(4.1) f pai : M 1 ™* ^ Ag; / v ' par : M%t ^ A G - . 

4.1.1. Identification of Hitchin bases. Fix a W-equivariant isomorphism t : t — > t v . 
This allows us to identify Cd with c^, and hence gives isomorphisms 

M : Ag — * Ag^ ; 
lj : Ag — » Ag v ■ 

Since G is almost simple, the choice of i is unique up to scalar. Therefore, the 
resulting is unique up to the natural action of G m on Ag (recall in the diagram 
defining A in |YunI| Def. 3.1.7], all the terms have natural G m -actions). Since all 
the objects over Ag or Ag v we consider will be G TO -equivariant, this ambiguity is 
harmless. We therefore fix the identification l once and for all. 

4.1.2. Lemma. The stacks Ad^ 1 and M*q$ have the same dimension. 
Proof. By [N08l 4.4.6], we have 

dim(Alg it ) = dim(G) deg(D) = dim(G v ) deg(D) = dim(A^gl t ). 

Since the parabolic Hitchin stacks have one more dimension than the usual Hitchin 
stacks (see |YunI( Cor. 3.3.4]), we conclude that dim(A4 G ax ) = Aim(J^i^j). □ 

Let d = dim(Mg ir ) = dim(.MgS). Let 

(4.2) K := (fMi) s t[d]{d/2); L := (f^Q e ) st [d](d/2) 

be the stable parts of the (shifted and twisted) enhanced parabolic Hitchin com- 
plexes of G and G v . For each i 6 Z, let 

be their perverse cohomology sheaves. 

Our first result in this section is a Verdier duality between K and L: 

4.1.3. Theorem. For each i £ Z, there is a natural isomorphism of perverse 
sheaves: 

VlT : Dif' 1 = L\i). 
The proof will be given in Sec. 14.31 

4.1.4. Remark. Since is smooth and / is proper, the complex K is Verdier 
self-dual, i.e., we have a natural isomorphism K = UK once we fix a fundamental 
class [yV( par ] of A4 par . Hence we have a canonical isomorphism of perverse sheaves 
on A: 

v l : K l = BK-\ 

Note that this Verdier self-duality is same as the one mentioned in |YunI[ Prop. 
4.5.1]. Therefore, Th. 14.1.31 can be reformulated as an isomorphism 

Vr7 : K* Si L- l {-i). 

To state the second (and the more interesting) result, we need to recall two 
lattice actions on K and L. 
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4.1.5. The Springer action. We have constructed an action of X*(T) on K in |YunI| 
Prop. 4.4.6]. By Lem. 12.2.14 the X*(T)-action on K l is semisimple. Since K is the 
stable part, X*(T) acts trivially on K % , therefore we may consider its "subdiagonal" 
entries under the perverse filtration. More precisely, for any A £ X*(T), the action 
of A — id on K induces the zero map on K % , therefore p T<i(X — id) factors through: 

p T< 4 (A-id) :PT<iK ^ p T<i-iK. 

Taking the i-th perverse cohomology, we get 

(4.3) Sp'(A) := p tF(A - id) : K l -> K^l], 

which is an extension class between the perverse sheaves K l and K 1 ^ 1 . 

4.1.6. The Chern class action. In Yunll, Con. 3.3.4], we have constructed an 
action of X*(T V ) on the parabolic Hitchin complex of G v via certain Chern classes. 
We recall the construction. The evaluation morphism 

M%5 -» [t v /T v ]i, -» BT V 

gives a universal T v -torsor £ tV on M%$. For each A € X*(T V ) = X*(T), we have 
the line bundle £(A) on associated to £ T and the character A : T v — > G m . 

The Chern class of £(A) gives a map Ci(£(A)) : Qt,M^ ~* Q^A-i^" P](l)- Taking 
direct image under f^f, we get: 

U Cl (£(A)):£ v ^£ v Q,[2](l). 
We will concentrate on the stable part L of /^(Q)^[d](d/2): 

U Cl (£(A)) st : L C J:Q e [d](d/2) Uci(£(A)) , f^Q i [d + 2](d/2 + 1) -» L[2](l). 

4.1.7. Lemma. TTie map Ucx(£(A)) s t induces the zero map L l — ► L l+2 (1) /or eac/i 

i e z. 



We postpone the proof of this lemma to Sec. 

By Lem. 14.1. 71 we may also consider the "subdiagonal" entries of the map 
Uci(£(A)) s t under the perverse filtration. More precisely, by Lem. 14.1.71 the map 
p T<i(Uci(£(A)) s t) factors through 

fr< 4 (U Cl (£(A)) st ) : Pr< t L -> "r<,_i(L[2](l)). 

Taking the i-th perverse cohomology, we get 

(4.4) Ch l (A) = p ff (U Cl (£(A)) st ) : V - L 4+1 [l](l). 

Now we can state the second result in this section, which is an identification of 
the above two lattice actions under the Verdier duality given in Th. 14.1.31 

4.1.8. Theorem. For each i£Z and A 6 X*(T) = X*(T V ), we have a commutative 
diagram 

(4.5) K~* -Btf ^ -L 4 (*) 



Sp-(-A) 



(DSp* +1 (A))[l] 



Ch*(A)(t) 



K- i - i [i]"-^ , D^ i + i [i] — + 1) 

Here the isomorphism VD is given in Th. \4-1.3\ and the isomorphism v* is given 
in Rem. \4-l-4\ 
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We will analyze the two lattice actions in more details in Sees 14.51 and 
respectively, and finally prove Th. 14. 1.81 in Sec. |L 



4.2. The Tate modules of the Picard stack. Let C A be the open dense 
locus where the cameral curve is transversal to the discriminant divisor in to (cf. 
[N08l 4.6]). By [N08l Lemme 4.6.3], for a G A^(k) the cameral curve X a is smooth. 
In this subsection, we study the stable parts of the homology of the Picard stack 
V and the cohomology of the Picard stack V y (the Picard stack acting on Mqv) 
over .4^. By |YunII[ Lem. A. 2. 3], we only need to understand the Tate modules of 
T°/A<> andP v ' /^. 

4.2.1. Lemma. There are natural isomorphisms of local systems on A^ : 

(4.6) ViV^/A*) = (Hi(^M<>) ® z MT)) W ; 

(4.7) VeiV^/AO) = (H 1 (^/^ <> )® Z X*(T V )) H ,. 

Proof. We prove the first isomorphism; the second one is similar. By [Yunll Con- 
struction 3.2.8], we have a morphism of Picard stacks over A: 

(4.8) j v : V -> Vic T (A/A) w . 

In Lem. 14.2.21 we will show that j-p is an isogeny (i.e., the kernel and cokernel of 
j-p are finite over A). In particular, over A^, j-p induces an isomorphisms on the 
(Q^-Tate modules of the neutral components: 

(4.9) Ve(j v ) : VtCP°/A<>) = F^(Pic° (AO/A*) w /A*). 

Here Vic { ^{A <> / A^) is the neutral component of Vicr{A^ / A^). Note however that 
the fibers of Pic^ (A^ / A^) w are not necessarily connected; by Tate modules we 
mean the Tate module of their neutral component. 

For a G A(k) C .4 anl (fc), the automorphisms of objects in VicT(X a ) w are 
T(X a ) w — T w which is finite (here we use the fact that X a is connected). There- 
fore Pict(A) w is a Deligne-Mumford stack, and it is harmless to replace Vic (A) w 
by its coarse moduli space Pic(A/ A) w in calculating Tate modules. 

We have an isomorphism 

(4.10) V e (Pic° T (A/A) w /A) = (V e (Pic°(A/A)) ® z X*(T)) W . 

For a G A^(k), the cameral curve X a is smooth, therefore we have a canonical 
isomorphism 

(4.11) Hi(^0/>tO) S ^(Pic°(I*/^)). 

In fact, the Abel-Jacobi map A^ — > Pic 1 (A^ /A^) gives a canonical isomorphism 
li^AO/AO) = Hi (Pic 1 (A? /A<>)). But since Pic°(«4<> /A*) has connected fibers 
over ^4^, we can canonically identify the local system Hi(Pic 1 (A^ / A^)) with 
Hi(Pic° (.4^ / A^)) (the argument is as in Lem. 14.3. 1|) . hence we get the canon- 
ical isomorphism (14. lip . 

The isomorphisms (|4.10[) and (|4.11[) give a canonical isomorphism of local sys- 
tems on 

Vtpi&iAO/AO^/AO) = (Hi(^/^)®z X*(T)) W . 
This, together with the isomorphism (|4.9|) , implies the isomorphism (|4.6[) . □ 
It remains to prove: 
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4.2.2. Lemma. The morphism j-p in is an isogeny over A 



Proof. Fix a G A(S). We need a description of V a due to Donagi-Gaitsgory in 
|DG[ 16.3] which we briefly recall here. For each root a G let D a C X a be the 
divisor given by the pull-back of the wall i a .D C to- In other words, D a is the 
fixed point locus of the action of the reflection r a E W on X a . For each object 
Q T G ViCTiXa)™ (S), the r Q -equivariant structure of Q T gives an isomorphism of 
T-torsors over D a : 

Q T \ Da T x" T^Q T \ Da . 

Equivalently, spelling out the action of r a on T, we get an isomorphism of T-torsors 
over D a : 

(T a \ G a v 

Q T \ Da x G m J "x T = T x D a . 

The result of Donagi-Gaitsgory in loc.cit. says that V a (S) is the Picard groupoid of 
tuples (Q T , {^ w } w ew, where (Q T , { r j w } w ew) is a strongly VF-equivariant 

T,a 

T-torsor on X a and f3 a is a trivialization of the G m -torsor Q(a)|_D Q := Q \d x 
G m , which is compatible with the trivialization (|4.12[) and the W^-equivariant struc- 
ture: i.e., "f w sends the trivialization f3 a to the trivialization wa . 

We give a reformulation of this result of Donagi-Gaitsgory. For each a G $, let 

(4.13) (j, a := ker(G m T). 

This is either the trivial group or the group /12, depending on whether a v is a 
primitive element of X* (T) or not. For Q T G 'PicT(^" a ) W/ (5'), by the trivialization 
(|4.12p . the G m -torsor <3(a)|_o Q in fact comes from a ^ Q -torsor over D a . An 
object in V a (S) is just an object (Q T , {j w }wew) in VicT(X a ) w (S) together with 
a trivialization of the fj, a torsor Q^^ over D a for each a G $, compatible with 
the VF-equivariant structure of Q T . Since the above discussion works for any test 
scheme S, we get an exact sequence of Picard stacks 
(4.14) 



W / v w 

^ a {A a /A)\ . 



II Res A a /A(^ x A a )\ -^V^ Vic T (A/A) w -+(l[Vk 



Here A a C A is the pull-back of t a ,D, and the last arrow in (I4.14p sends Q T G 
Vic T (X a )W(S) to the ^ Q -torsor over D a = S x A A a . 

Since A a is finite over A, and [i a is a finite group scheme, the two ends of the 
sequence (|4.14[) are finite Picard stacks. Therefore the morphism j-p in the middle 
of (|4.14p is an isogeny. This completes the proof. □ 

4.3. Verdier duality between the Hitchin complexes. In this subsection, we 
give the proof of Th. l4~i~3l 

Using the global Kostant section e : A — > Mq 11 (resp. e v : A — ► Mqv), we get 
a morphism r : V — > (resp. r v : V v — > .Mgv). For a G -4*(fc)> we have 

<5(a) = 0, hence by |YunI[ Lem. 3.5.2], is a torsor under V a - This implies 

that r is an isomorphism over A^ , and we also get the induced isomorphisms on 
homology and cohomology. However, such isomorphisms are not canonical in the 
sense that they depend on the choice of the Kostant section. Fortunately, if we 
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restrict ourselves to the stable parts of the homology or cohomology, and passing 
to cohomology sheaves, we do get canonical isomorphisms: 

4.3.1. Lemma. For each i G Z, there are canonical isomorphisms 

(4.15) KiiMW'/A^U = Hip>/.^) rt ; 

(4.16) H i (7Wg i v t /^) st = H i (P v /^) st . 

Proof. We prove the first isomorphism. For any etale map S — > ,4^, and any lifting 
m : 5 — > .Mg 1 *, we get a trivialization of the 'P-torsor: 

m:Sx A P^S x A M% il . 
Hence we get an isomorphism 

(4.17) m,, st : H 4 (5 P/5) st S H 4 (S x^ M^/S)*. 

If we choose another lifting m' : 5 — > A'fg 1 ', then m and m' differ by the trans- 
lation of a section w : S — > 7-*, and the two isomorphisms mi^t and m( st differ 
by the action of w G V(S) on H<(5 x^4 M^ lt /S) s t- By the homotopy invari- 
ance of actions on cohomology (see |LN1 Lemme 3.2.3]), the action of V(S) on 
Hj (5 x^t Mq^/S) factors through ir (V)(S). Since ttq(V) acts trivially on the sta- 
ble part of H*(S* x^ Mg^/S), the action ofV{S) on H 2 (S* x^ 7Ug it /5) s t is trivial. 
Therefore different choices of local sections give rise to the same isomorphism as in 
(|4.17p . hence the canonicity of the isomorphisms in (|4.15[) . □ 

We also have the following corollary of Prop. 12.2.41 

4.3.2. Corollary. For any i G Z, K l and L % are middle extensions from their 
restrictions to any Zariski open dense subset of A. 

Proof of Theorem \lTl\ Let A$ be the preimage of A^ in A, and let K$ and L<> 
be the restrictions of K and L to *4^. By Lem. 14.3.21 both UK 1 and L l are 
middle extensions from A^ , therefore it suffices to establish a natural isomorphism 

Let p : A^ — > A^ be the natural projection, which is smooth and proper. Since 
for any a G A^(k), we have 5(a) = 0, hence S(a, x) = for any x G X(k), therefore 
■^gTU* M Hit \ A o x A<> A? by [Yunli Lem. 3.5.4]. Similar remark applies to 
•Mq V |.4<>' Therefore we get canonical isomorphisms 

(4.18) BKq * H l+r (XP a 7^) st (d/2 - r) = p*H i+r (Alg u /A% t (d/2 - r); 

(4.19) ij> - H i+r (Mg i v7^) 8t (d/2) = rH i+r (Mg i v t /^)st(d/2). 

where r = dim.Mg ar — dirndl = dimA^^v — dirndl is the relative dimension of / 

and / v . 

By the isomorphisms in |YunII|, Lem. A. 2. 3(2), Rem. A. 2. 4], and Lem. 14.3.11 
we have natural isomorphisms 

(4.20) U^MWVA^t = H*(77^) s t - /\(^(p°M°)[i]); 

(4.21) n*(M^/A% t s u*(v v /A% t = A(v*(^ v * M°)*[-i])- 
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Combining with the isomorphisms (|4.18[) and (I4.19|) . we get 

■i+r 

(4.22) BK^p* /\(V e (V°/A0))(d/2-r); 

i-\-r 

(4.23) L% =p* /\(V e (P v >°/AOy)(d/2). 

Therefore, to prove the theorem, it suffices to give a natural isomorphism of local 
systems on A^: 

(4.24) (3 : V^/A^) S V e (V v '° /A^)* (1). 
Now we can use the explicit formula proved in Lem. 14.2.11 

(4.25) Vt^/A*) = (H^A^/AO) ® Z X*(T)) w ; 

(4.26) VW'O/AOy = (H^A^/A^) ® z X*(T V )) W . 

Recall from |N08[ Prop. 4.5.4] that the cameral curves X a are connected. The cup 
product for the smooth connected projective family of curves A^ — > A® gives a 
perfect pairing 

H 1 (A? /A<> ) H 1 (A? I A* ) ^ H 2 (A*? /A<> ) £ ( - 1 ) . 
Therefore we have a natural isomorphism of local systems 

(4.27) PD : Hi (^/^O) = H 1 (^/^)(l). 
Since X*(T) = X*(T V ), we can define a natural isomorphism 

/T 1 : (H 1 (l^/^)(1) ® z X*(T V ) V ^ (Hi^M ) ®z X^T)) 1 *' 

(4.28) h®\ i — * ^ iy*PD _1 (/i) ®u)A. 

hence the isomorphism (|4.24|1 . This completes the proof of the theorem. □ 

4.4. Proof of Theorem |4.1.8H irst reductions. In this subsection, we make a 
few reduction steps towards the proof of Th. 14.1.81 

First, the commutativity of the left square follows from [Yunll Prop. 4.5.1] (or 
rather its counterpart for X*(T)-action on f*Qg), therefore we only need to prove 
the commutativity of the right square. We make the following simple observation 
about extensions of perverse sheaves. 

4.4.1. Lemma. Suppose j : U ^ Y is the inclusion of a Zariski open subset of the 
scheme Y and T\,Ti are perverse sheaves on U. Let and j\*Ti he the middle 

extension perverse sheaves on Y . Then the restriction map 

Exty(j!*.Fi, juT 2 ) -> Ext^(^i, F-i) 

is infective. 

Proof. Let i : Z = Y — U ^ Y be the closed embedding of the complement of U 

into Y. We have a long exact sequence 

(4.29) 

-> Honi z (i*j ! *^ r i,rj ! *^ r 2 [l]) -> Homy ji.^all]) Hom^-Fi, ^[l]) -* 

By the definition of ji*, we have i*j\*T\ G V D^~ X [Z) and vjwT 2 [l] G P D^°(Z). 
Hence the first term in (|4.29|) vanishes; i.e., j* is injective. □ 
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By Lem. 14.3.21 the perverse sheaves K l , L l are middle extensions from the open 
dense subset of A. By Lem. 14.4.11 in order to prove the commutativity of the 
diagram (|4. 5|) , it suffices to prove the commutativity of its restriction to A? ■ 

4.4.2. Remark. We need the following fact about adjunction. Since p : A^ — > .4* 
is smooth of relative dimension one, we have a natural isomorphism of functors 
p- = p*[2](l). For any two objects Ti,Ti G D^A^), we have 

= Rom A o (p, p-T u T 2 )= Hom^o (H. (A? /A*) <8> T\ , Ft) 
= Horn a* (H* ( Jfr /A*). Horn A + (ft . JV)) 
In other words, there is a natural bijection between maps 

<f> ■ p'Ty - p*^ 2 

and maps 

$ : njA<> /AO) -> Horn ^ (.F, , JP,). 

By this lemma, and the isomorphisms (|4.22p and (|4.23p . the commutativity of 
the right square in (|4.5p over .4^ is equivalent to the commutativity of 
(4.30) 

Hom(AW7>7^)),A ,;+1 (W7^))[l]) 



H^AO/AO) 




Hom(A*/3,A l+1 /3[l]) 



Hom(A l (^(P v ' /^)*(l)),A i+1 (W v >%A^)*(l))[l] 

Note that the labeling of the maps Sp(A) 1 ' and Ch(A)^ have been switched from the 
perverse degree to the ordinary homological and cohomological degrees. 

4.5. The Springer action by X*(T). In (|4.3p . we have defined the map Sp l (A) : 
K i _> i n the end of Sec. [Ol we rewrote the restriction of Sp'(A) to A? 

into the form 

i i+1 

Sp i (A)^:H.(^O/^)-.Hraa(y\(^(^ /^)) ) /\(^(^ M°))[l])- 
In this subsection, we write the map Sp^A)' 5 in more explicit forms. 

4.5.1. Rewriting the Springer action. Recall from |YunIl Rem. 4.3.7] that we have 
a morphism over A 

sx-.A^^ V. 

Since A? — > .4^ have connected fibers, s\ necessarily factors through the neutral 
component V° C V. By [Yunll Cor. 4.3.8], the action of A on A4 par |^ is given by 
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Passing to the level of homology, we get 

H,(jfO/A<>) ® A o H^M^/AO) H*{V°/A^) EUo H^M^/A*) 

^ H^M^/AO). 

By adjunction, we get 

(4.31) H^AT/A*) ^ H*(7>%4^) 2* EndOlJM^/A^)). 

where fl is (the dual of) the cap product defined in |YunII|, App. A. 3]. Passing to 
the stable part, and using the isomorphism (|4.20[) . we can rewrite (|4.3ip as 

H,(l^/^)^/\(^(P°/^)[l])^End(/\(^(P Q M*)[l])). 

Here the cap product action becomes the wedge product in /\(14('P /.4^)[1]). 

We decompose the map s\ .* into (BiS\.i according to the canonical decomposition 
in Yunll, Lcm. A. 1.1], hence get 

SAil : h^ao/aO) - n^rVA^M 

Note that 

n^AO/AO) ^ H (7>%^) = Ql^ End(A WM ))) 

corresponds to the identity map of p*U^(V°/A^) = H*(M^ ar /A <> ) st under the 
adjunction in Rem. 14.4.21 Therefore the action of A — id on ^.^(M^ 1 / A^) s t is 
adjoint to 

H.(A*/A<>) E *- lSM > 0A(^(?°/^)[1]) ^End(/\(Vt(V°/AO){m 

i>l 

Restricting to the degree -1 part and denote s\,i by &\, we conclude that Sp^A) 15 
can be written as 

(4.32) S Pl (A)^ : H^AY/A^) ^ V e (P° / A^)[l] 

(4.33) ^Hom(y\(^(P°/^)),/\(^(P°/^))[l]). 

Now we need to understand the map Q\ more explicitly. For this, we first 
describe the morphism s\ : Ay — * V in more concrete terms. Consider the compo- 
sition 

£0 1±+ <p 1^ V\c T {A/A) w -» Vic T {A/A). 

This morphism gives a T-torsor on A^ x A A. Hence for each £ 6 X* (T) , we 
get a line bundle <2a(£) on >4y x A A = A^ x A o A^ . We now describe this line 
bundle. 

4.5.2. Lemma. Let T w — {(x,wx)\x G A^} C A^ x A o A^ be the graph of the left 
w- action, viewed as a divisor of A^ x A o A9 , then there is a canonical isomorphism 

(4.34) Qx(0 = 0(52{w\,Z)T w ). 
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Proof. By [YmJl Lem. 4.3.6], the morphism s\ comes from a section s\ : AO — > 
Qr j\ i.e., we have a J-torsor Q J X on AO x X with a canonical trivialization away 
from the graph T of .4^ — * X. By construction, we have 

Ql= (id xq)*Q( "xT 

where id xq : A? x A o A.0 —> A? x A<> (A^ x X)=A.O x X. Therefore, has a 
canonical trivialization r over .4^ x .4^ — (id xq)^ 1 ^) = AO x A oA^— Uu>ew 
On the other hand, the section s> over „4 rs is defined by the composition 

— id xIAl — - — rs , - — rs - — rs 

-4 rs m+ A 1S x X*(T) ^ (er T ) rcd ^ Qr T ^ Qr 3 . 

Here the last isomorphism is the inverse of the one defined in [Yunll Lem. 4.3.5]. 

— — -rs 

We first look at the morphism s' x : _4 rs — > Qr T . This amounts to giving a T- 
torsor Q J on ,4 rs x A o A^ with a trivialization outside the diagonal (i.e., the graph 
Tg S ). Clearly, the associated line bundle Gx{0 with the induced trivialization on 
A.O' Ta x A o A^ - r™ has the form: 

Here, we define T™ = P' 8 n {A.0' TS x^o %>). 

■ — rs ^ ^^rs _ . . 

Next, by the construction of the isomorphism Qr T — ► Qr j in |YunI| Lem. 4.3.5], 
the line bundles Qa(0 and G\(0 are canonically isomorphic over the open subset 

A*** x^o A*- □ C 

In view of the H^-invariance of Q\(£), we must have a canonical isomorphism 

(4-35) Ca(OUo.» x ^^ = °( E ( wA '0C). 

wew 

Moreover, the trivialization of Ql\ A ^, IS x ^j«> on (^. <> - rs x^o „4<> -\J weW T™) given 
in the isomorphism (|4.35|) is the same as the trivialization r of on (.4^ x_^<> 
-4 — Uu.gvk-^"') gi yen by sa- Therefore the expression (|4.34[) holds over 

(A<> x A o a<> - |J r„) |J(I rs x^o 10) = ao x A o jo - |J (r™ - r™). 

Since {J we w(T w — T™) has codimension at least two in the smooth variety AO x A v 
A.0 , the expression (|4.34[) must hold on the whole A.0 x A o AO . □ 

Consider the degree —1 part of $a 

* a ,i : ^(A/A) -f Vt(P°/A<>). 
4.5.3. Lemma. Under the isomorphism |^.g| ), f/ie map $x,i *s given by 

Kr(AO/AO) -» (H 1 (^A4< > )® Z X»(T)) W ' 

/i I— > w*h®w\. 
wew 



TOWARDS A GLOBAL SPRINGER THEORY III 



33 



Proof. This is a statement about a map between local systems, hence it suffices to 
check it on the stalks of geometric points. We fix a £ A^(k). For each £ £ X*(T), 
consider the morphism 

(4.36) X a ^ V a - 7>ic T (X a ) ^ 7>ic(X a ). 

where sends a T-torsor to the line bundle associated to the character £. Since 
7T o('Pa) is torsion, the map (|4.36p must land in "Pic°(X a ). By Lem. 14.5.21 the 
morphism (|4.36p takes a; G X a to the line bundle Oi^2 weW {wX, £)wx) £ Pic°(X Q ). 
Therefore it induces the following map on homology: 

HipQ -» H^Pic ^)) S H^XJ 

(4.37) h i-> ^ (wX^jwth. 

Here we use the Picard scheme Pic rather than the Picard stack "Pic without losing 
information about Tate modules. We can rewrite (|4.37[) as 

H x (X a )^ (Hi (X a ) ® z X* (T)) w M ® <*'->, H t (X a ) 
/i h-> ^a.i^i) ^ (wX,£)w*h 

which immediately implies 

4.6. The Chern class action by X*(T V ). 

4.6.1. Rewriting the Chern class action. Recall from |YunI[ Construction 3.2.8] that 
we have a tautological T v -torsor Q tV over P v , and the associated line bundle Q(A) 
for each A £ X*(T V ). By |YunI|, Lem. 3.2.5] that we have a commutative diagram 

(4.38) P v xr A^PfJ — — M p r 



Q 



Using the Kostant section e : .4 — > .Mqv' 1cs , we get a section e : .4 — > .Mgl/ 108 x.4 
^Mp Icg C 7Wgt r (see [YuliTl Lem. 3.2.7]) and a morphism 



which is an isomorphism over A<>. By dia gram (|4.38[) . we get 

(4.39) = Q(X)®g v '*r£(X). 

where g v : V y — > A is the projection. 

By [Yunll. Lem. 5.1.3], the Chern class of the line bundle Q(A) can be written 

as 

ci(Q(A))* : n*{A/A) U^/A)^!) c H*(P V M)[2](1). 
The line bundle e*£(A) on A also induces a map 

ci(T£(A))> : H.(^/A) - Q,[2](l) = H°(P v M) st [2](l) c H*(P V /„4)[2](1). 
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Putting together, using (|4.39l) . we can write the Chern class of t*C(X) as: 
(4.40) Cl (r*£(A))* = ci(?£(A))" c 1 (Q(A)) 1 ' : 

H*{A/A) -> H°(P v M) st [2](l) ©H^MWIKI). 

Proof of Lem. \4-l-7\ Since both L 1 and L l+2 are middle extensions from .4^ , it is 
enough to check this statement over A®. Using the adjunction in Rem. 14.4.21 and 
the isomorphism (|4.19jl . we can write the action of ci(£(A)) as: 
(4.41) 

ci(£(A))" : HJAO/AO) -> H*(>lg i v t /^)[2](1) 7 End(H*(Mg i v t /^))[2](l) 
where U is the cup product on H*(A^§ I v/^l^ > ). Using the trivialization r v : 
P V U« ^ A^gvU* t0 identify H^Xgl*/^) with H*(7' v /4 <> ), the isomorphism 
(|4.41|) becomes 

ci(?*£(A))^ : H^A^/A^) -> H*(7>7^)[2](1) 7 End(H*(7' v /^))[2](l). 
Using (|4.40p . the effect of Ci(r*£(A))'! on the stable part is: 

(4.42) 7 End(H*(P v /^) st )[2](l). 

Since the image of ci(?*£(A)) t ' ci(Q(A)) tl only involves cohomology sheaves in 
degree < 1, using Rem. 14.4.21 backwards, we see that Uci(£(A)) s t sends p r<ii<> to 
p T<i+\L( i ,. This proves the lemma. □ 

Since we will be concentrating on the degree 1 part of ci(£(A)), we can ignore the 
contribution of ci(e*£(A)) in (|4.42[) . Using (I4.42p and the isomorphism in [Yunlll 
Rem. A. 2.4], we can finally write Ch^A) 11 as 

Ch 4 (A)* : H»(^0/^0) U,(P V '°/^)*(1)[1] 

i i+l 

(4.43) 7 Eom(f\(Ve(V v '° / A<>y (1)), f\(V e (V v ' /A<>y 

where $>x = c i(Q(A))', and the cup product becomes the wedge product. 
Consider the degree —1 part of 4»a 

*A,l : Hx^/^O) -» Vi(^ v '°/>lO)*(l). 
4.6.2. Lemma. Under the isomorphism J^. Tj ), i/ie map 4'a i i is given by 

H^AO/AO) -» (H 1 (I^/^)(1)® Z X*(T V )) W 

(4.44) ft i-> PD(/i)(g)A. 

where PD is tte Poincare duality isomorphism defined in H4-27]) . 

Proof. This is a statement about a map between local systems, hence it suffices 
to check it on the stalks of geometric points. We fix a 6 A^(k). Consider the 
morphism 

id xj x :X a xV a X a x Pic T v(X a ) X a x Pic(X a ) 

where I\ sends a T v -torsor to the line bundle induced by that T v -torsor and the 
character A 6 X*(T V ). Since iro(V a ) is torsion, the morphism j\ necessarily lands 
in Vic(X a ). Let Poin is the Poincare line bundle on X a x V\c (X a ), then 

Q(A) = (id xj Q )*Poin(A) = (id xj A )*Poin, 
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It is well-known that ci(Poin) takes the form 
(4.45) 

d(Poin) = ® PD(^) G H 1 ^) ® H 1 (Pic°(X a ))(l) Si K\X a ) ® H 1 ^)^) 

i 

where {h 1 } and {hi} are dual bases of H 1 (X a ) and Hi(X Q ). Therefore, ci(Q(A)) = 
(idxj A )* Cl (£ Poin ) is the image of £\ ^ ® PD(ftj) ® A E H^p^) ® H X (X )(1) ® z 
X*(T V ) in H 1 ^) ® (H 1 ^)^) ® z X*(T V )) W = H x (X a ) ® H 1 (P a ) st (l). This 
immediately implies (|4.44|) . □ 



4.7. Proof of Theorem 14. 1.81 In this subsection we finish the proof of Th. 14.1.81 

By the reduction in the end of Sec. 14. 3( the expression (|4.32|) for Sp i (A) t| and the 
expression (I4.43[) for Ch l (X)\ it remains to prove the commutativity of 

Vi(P°/AO)[l] . 



h*(^o/^) m 



7i(P v -°/^)*[l](l) 

Both maps $>, and ty\ necessarily factor through t>-\R„{A^ / A^) . We com- 
puted m Lem. 14.5.31 and computed ^a.i m Lem. 14.6.21 Comparing the two 
results with the way we defined the isomorphism (3 in (|4.28[) . we conclude that for 
allAeX*(T)=X*(T v ), 

Therefore the difference (3 o $ A — ty\ must factor through a map 
A A : U (A^/AO) =Q e ^ V4(7> V '°M*)*[1](1). 

All we need to show is A A — 0. We want to reduce the problem to showing A Q v = 
for simple coroots a v . For this we need 

4.7.1. Lemma. The maps <I> A and \& A are additive in A. 

Proof. For \I> A , since Q(X + fx) = Q(A) ® Q(/u), we have 

ci(Q(A + M )) = ci(Q(A)) + Ci (Q(m)), 

which implies the additivity of 

For $ A , recall that it comes from the morphism s A : A^ 
are additive in A (using the multiplication of V): 



V. These morphisms 



AO 



Therefore the induced maps on homology satisfies the commutative diagram 

Sa,»<8>s„ 



H,(AO/A<>) 



H.(V/A<>) ® H*(V/A<>) Pontryasi " > H,(P/#) 
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Taking the degree -1 stable parts, we get the commutative diagram 
(4.46) V e (r /AO)[l} ® Qt © ®t ® y,(P%4*)[l] 



H,(^M°) 



v,0p%4^)[i] 



where p\ : H^A^/A^) -> H*^/-^) = Q £ is the push-forward along p : .4* 
A^. The diagram (|4.46|) implies that $a+/j = + 



□ 



Using Lem. 14.7.11 and observe that the RHS of A\ is torsion-free, we conclude 
that in order to show A\ = for all AeX, (T) , it suffices to show it for a Q-basis 
of X*(T)q. Hence we can reduce the problem to the following lemma. 

4.7.2. Lemma. For each simple coroot a v G $ v , the map A Q v = 0. 

Proof. Let t a be the wall corresponding to the simple root a in t. The Killing form 
t ^ t v identifies t Q with t^ v . Let A$ C A<> be the prcimage of i a ^o under the 
evaluation morphism A^ — ► tr>. In other words, Ay is the fixed point locus of 
r a (the reflection in W corresponding to a) on A®. The morphism A% ~~ * A^ is 
finite of degree deg(D)#W (in particular it is surjective), it induces a surjection 
B-oiA^/A^) -> H (^/^) = Q^. Therefore, in order to show that A Q v = 0, it 
suffices to show that composition 

Ho(^M<>) - HoiAO/A*) ^ Vt(VV< /AO)*[l](l) 

is zero. This composition is given by the difference of the restrictions of /3 o <j> Q v 
and f v on H»(.4£/./4^). We claim a much stronger vanishing, namely both maps 

(4.47) s Q v : H^AZ/AO) -> H.(7'M <> ); 

(4.48) ci(Q(a v ))* : H,(^/^<>) -» H*(^ v /^)[2](1) 

are zero. 

We first prove the vanishing of (|4.47|) . For this, it suffices to show that the 
morphism 



(4.49) 



An 



3V 



V\z T {AIA) 



w 



is trivial (i.e., factors through the identity element). In other words, the line bundles 
2a v (£) are canonically trivialized on A% X A A. By Lem. 14.5.21 we have 



where T w (A% ) is the restriction of the graph w to A% x^A. Since r a fixes A% , we 
have 

l^(*4.q) — f wfa (^). 
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Therefore, we have an equality of divisors 

J2(wa v ,£)r w (A%) = ( waV +wr a a v ,Z)T w (A<>) 

w£W w£W/(r a ) 

]T {wa" -wa\£,)T w {Al) = Q. 

w£W/{r a } 

Here YlweW/(r ) means summing over the representatives of the cosets W/(r a ). 
Hence Qa v (£,)\ x A A ^ s canon i cau y trivialized, i.e., the map (|4.49p is zero. 

We then prove the vanishing of (I4.48[) . For this, it suffices to show that the 
tautological line bundle Q(a v ) is trivial on A a P v . But this follows from the 
description of 7 ,v given in DG, 16.3], as we recalled in the proof of Lem. 14.2.21 
Therefore the map (|4.48|) is also zero. This proves the lemma. □ 

Tracing the above reductions backwards, we have already completed the proof 
of Th. jXgl 

5. A SAMPLE CALCULATION 

The goal of this section is to calculate the affine Weyl group action on the 
cohomology of the parabolic Hitchin fibers in the first nontrivial case. We will 
also partially verify the phenomenon of Langlands duality proved in Sec. 2J In 
particular, we will see that the lattice action on the cohomology of parabolic Hitchin 
fibers is not semisimple in general. 

5.1. Description of parabolic Hitchin fibers. Throughout this section, we 
specialize to the case X = P 1 , O x {D) = 0(2) and G = SL(2). Now _4 Hit = 
H^P 1 , 0(4)) parametrizes degree 4 homogeneous polynomials a(£, rj) = Yli=o a i€ r f 
For a G .4 Hlt , the cameral curve X a coincides with the spectral curve Y a , which is 
a curve in the total space of 0(2) defined by the equation 

Let p a : Y a — > X be the projection, which can be viewed as the GIT quotient under 
the involution r : (£, rj, t) h- > (£, rj, —t) of Y a . We have a £ .4 anl (£;) if and only if Y a 
is irreducible. 

5.1.1. The Hitchin fibers. For a £ A^{k), the Hitchin fiber is: 
= {(F,a)\Te Wc{Y a ),a : det{p a ^T) ^ Ox}. 

For the stack Pic(Y a ) see [^onll Example 3.1.10]. For any (T, a) e M™, £ = p a ,*F 
is a rank 2 vector bundle on X with trivial determinant, therefore x(Y a ,F) — 
X(X,£) = 2, hence T £ V\c(Y a ). Since 

X (Y a ,0 Ya )=x(X,O x )+x(X, 0x(-2)) = O, 

we conclude that for a £ .4 anl (fc), Y a is an irreducible curve of arithmetic genus 1. 
The degree -1 Abel-Jacobi map 

(5.i) Y a -> Pi^ _1 (r a ) 

y Ty (the ideal sheaf of y) 

is an isomorphism, here Pic (Y a ) is the compactified Picard scheme, the coarse 
moduli space of Vic (Y a ). Moreover, A^ 1 * = Pic (Y a )//i2 where the center /x 2 C 
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SL(2) acts trivially on Pic (Y a ). Via the Abel-Jacobi map (|5.ip . M^ lt is non- 
canonically isomorphic to Y a x B//2 (we have to choose an isomorphism Pic (Y a ) = 
Pic (Y a ), which is non-canonical). 

The Picard stack V a acting on M^ lt is the Prym variety 

ViciYaY^' 1 = {(£, u)\C G Vic°(Y a ), l:C^ t* C®~ 1 such that t = t*^®" 1 )}. 

If Y a is an irreducible curve of arithmetic genus 1, then P a = Pic°(Y a ) x B^ 2 (with 
the trivial action of /H2). 

5.1.2. The parabolic Hitchin fibers. The parabolic Hitchin fiber is 

Ml% = {(^0,^1,0)1(^0,0) G MfS^o i ^1 i ^o(-ar)}. 
We have two forgetful morphisms: 

po : Ml%^Vk?{Y a ), 

pi : ^^^ro 

sending {!Fq,J-\, a) to .Fq and T\ respectively. As in the case of Af^ rt , is the 

quotient of its course moduli schemes by the trivial action of /12 ■ 

For each partition p of 4, let A p be the locus where the multiplicities of the roots 
of a(£, 77) = are given by p. We have 

s ( a ) = ^T,\Pi/% tfaeAp,p= (pi,p 2 , • ■ • )■ 

i 

For iGl, let v a (x) be the order of vanishing of the polynomial a at x. Then 

5(a,x) = [v a (x)/2\. 

Note that (.A am x X) le corresponds to the condition v a (x) = while („4 am x X) 
corresponds to the condition v a (x) — or 1. 

Let us analyze the anisotropic parabolic Hitchin fibers on each stratum: 

• p = (1, 1, 1, 1). Then Y a is a smooth curve of genus one; AfP" — Af^ 1 '* x 
p~ 1 (x) which is non-canonically isomorphic to Y a x p~ (x) x B/i2- 

• p = (2,1,1). Then Y a is a nodal curve of arithmetic genus 1. Let ir : 
P 1 — > Y" a be the normalization. Then the node of Afjj 11 * (recall the coarse 
moduli space of A^ 1 ' is isomorphic to Y a , which has a node) corresponds 
to T = 7r„e> P i(l). If v a (x) = or 1, then M%% = x p~ x {x), which 
is isomorphic to Y a x p~ 1 (x) x B/i 2 . If V Q (^) = 2, i.e., a; is the projection 
of the node, then the reduced structure of (ignore the /^-action as 
well) consists of two P^s meeting transversally at two points: one compo- 
nent (call it Ci) corresponds to Tq = 7r*0pi(l) and varying T\\ the other 
component (call it Co) corresponds to T\ = ir*Opi and varying Tq. 

• p = (3, 1). Then Y a is a cuspidal curve of arithmetic genus 1. Let tt : P 1 — » 
Y a be the normalization. Then the cusp of Al^ 1 ' corresponds to 7r»0pi(l). 
If v a (x) — or 1, then M^Jj. = Af^ 1 * x p^ 1 (x), which is isomorphic to 
Y a x Pa 1 (x) x B/i 2 - If v a (x) = 3, i.e., x is the projection of the cusp, then 
the reduced structure of (ignore the /12-action as well) consists of two 
P^s tangent to each other at one point (to the first order): one component 
(call it C\) has corresponds to !Fq = 7r*(9pi(l) and varying T\\ the other 
component (call it Co) corresponds to T\ — ir*Opi and varying 
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We also have two other types of spectral curves Y a which are not irreducible 
(hence a i ^ ani ): 

• p = (2, 2). Then Y a is the union of two P 1 meeting transversally at two 
points. The two components of Y a are permuted by the involution r. 

• p = (4). Then Y a consists of two P^s tangent to each other at one point to 
the first order. The two components of Y a are permuted by the involution 

T. 

5.2. The VF-action for a subregular parabolic Hitchin fiber. The parabolic 
Hitchin fiber for a G -4(2. 1,1) an d x the projection of the node of Y a is 

simplest example of a subregular parabolic Hitchin fiber (more results on this class 
of examples will appear in [Y ). In this subsection, we compute the action of 
W on the cohomology of this subregular parabolic Hitchin fiber. To simplify the 
argument, we work over the ground field k = C. We ignore the Tate twists in this 
and the next section. 

5.2.1. A transversal slice. To reduce the dimensions, we will restrict to a transversal 
slice through (a, x). Fix a point 00 G X = P 1 and identify the complement X — {00} 
with A 1 . Consider the following map 

l:B = A 2 b c -» ^ Hit x X 

(b, c) 1 — ► (a; 3 + x 2 + bx + c, 0) 

We will base change the situation from A mt x X to B. For each (b, c) G B, let 
Yb :C be the spectral curve corresponding to i(b, c), and let Y/B be the family of 
spectral curves over B. 

Let us ignore the stack issue from now on because the finite automorphism group 
\i2 does not affect the Q^-cohomology. Hence we will work with compactified Picard 
schemes rather than stacks. Because each spectral curve Y"b jC has a unique point 00 
over the 00 G X, we get a section 00 : B — > Y. We can use this section to identify 
the various components of Pic(Y"/£>). More precisely, we can think of V\c{Y/B) as 
classifying rank one torsion-free coherent sheaves on Y with a rigidification along 
00. In particular, via the Abelian-Jacobi map (|5.ip . Pic {Y/B) is canonically 
isomorphic to Y; using the section 00, all the other components of ¥\c{Y/B) can 
also be identified with Y. 

Let M be the restriction of M paT to B. For each (6, c) G £>, let Mf, jC denote the 
parabolic Hitchin fiber y Therefore we get two maps 



AI 




Y = Pic 2 (Y/B) Y = Pic 1 (Y/B) 

5.2.2. Bases in (co) homology. Before calculating the action of W on the cohomol- 
ogy of Mo,o, we first pick good bases for H 2 (M ,o) and H 2 (A/ 0i o)- Since the reduced 
structure of Mq,o consists of two components Co and C%, each isomorphic to P 1 , 
we get a basis {[Co], [Ci]} for H2(Mo,o)- To get a dual basis in H 2 (Mo,o), we use 
the smooth ambient space M. Capping with the fundamental class [M] induces an 
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isomorphism 

(5.2) n [M] : H 2 (A/) ^ H BM (M). 

Composing the two morphism poi Pi : M — > Y with the the projection p : Y — > X, 
we get two morphisms 

PPo,PPi ■ M —*Y —* X. 
Fix a general point io e X - {0, oo} such that the above morphisms are smooth 
over a Zariski neighborhood of xq. For i = 0, 1, let = {ppi)^ 1 {xq). Then Zi is 
a smooth closed subscheme of M. The fundamental classes [Zi] £ H BM (M) gives 
cohomology classes Ci & H 2 (M) via (|5.2p . It is easy to check directly that: Zi is 
disjoint from C, if i ^ j; Zi intersects Ci transversally in two points (corresponding 
to the two preimage of xq under Ci — * Y"o,o - * -X")- Let v : Mo,o ^ M be the 
inclusion, then 

[Q]) = (dMCi]) = [Zi] ■ [Cj] = 25^. 

In other words, {^i>*£o, ^v*(i} is a dual basis to {[Co], [Ci]}. 

We now compute the action of the simple reflections sq,si of the affine Weyl 
group W of SL(2). 

5.2.3. Action of s%. Let H Sl be the image of the Hecke correspondence TC Si \b in 
M xgM. We view H Sl as a correspondence 



H S1 




Vxc(Y/B) 



Since all the classes in H (Mo,o) and H (Mo,o) and the class w*Co S H 2 (Mo,o) are 

pulled back from the corresponding classes in H*(Pic 2 (Yo.o)) (i.e., the cohomology 
of the base of the correspondence H Sl ), these classes has to be fixed by the coho- 
mological correspondence [H Sl ]#, i.e., si acts as identity on H (M 0j o), H 1 (M 0j o) 
and v*Co £ H BM (Af) S H 2 (Af ,o). 

It remains to calculate the effect of on w*Ci- It is easy to see that 

5.2.4. Lemma. The reduced fiber of H Sl over (0,0) £ B is A(C ) U Ci x C\ C 
(Co U Ci) x (Co U Ci), w/iere A(Co) C Co x Co is the diagonal. 

Using this lemma, we see that the fiber of h~ x {Z\) over (0,0) G B consists of 
two disjoint copies of Ci, namely C\ x [Z\ (~l C\). Therefore Z[ := h h^ 1 (Zi) 
intersects Co at two points (possibly with multiplicities). In any case, we must 
have 

(5.3) [Z[] • [Co] > 2. 

By construction, the action of [H Sl ]# on H 2 (M) is 

[H S1 }# : H 2 (M) R 2 (H S1 ) -^H H BM (ff Sl ) ^ H 4 BM (Af) ^ H 2 (M). 
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Therefore, it sends fi to the cohomology class dual to the fundamental class of 
h h ~ 1 (Zi), i.e., [Z[]. Therefore, the inequality (|5.3p implies that 

(fli(«*Ci),[C ]> = (v*[H Sl ]#(ti),[Co}) = ([ff.x]#(Ci),<MO)]) > 2- 
We conclude that the matrix of the action of si on H (Mo,o) under the basis 
3 «*Ci,5i 



{|u*Ci! 5^X2} takes the form 



si 

n 2 



1 a 
b 



for some a > 1. Since sf = id, we must have b = — 1. 
5.2.5. Action of so- Next we consider the Hecke correspondence -ff So : 




Pic 1 (Y/B) 

In fact there is an automorphism of M over B which interchanges the two morphisms 
(PO.Pi): 

(^D^')^(^"({55})D^(-{o5})). 
Here the inclusion !F(~ {oo}) <^-> JF'({oo}) is induced by 

J 7 C J* ®p*O x ({0}) = T' ®p*O x ({oo}) = ^"'(2{55}). 

using a fixed an isomorphism Ox({0}) — Ox({oo}) in the second step. Therefore, 
the action of so on H*(Mq o) can be formally deduced from the Si-action. The 
action of so fixes H (Mo,o)) H (Afo o) and acts by the matrix 

/ -1 
30 ={ a 1 

under the basis {gu*£o, ^ v *(i} 01 H 2 (M 0j o)- 

5.2.6. The lattice action. Therefore, the matrix of the action of the translation 
a v = sqS\ on H (M^o) under the same basis takes the from: 

-1 \ / 1 a \ _ / -1 -a 
a lj\0-l)~\a a 2 -l 

Since the Picard stacks V a are all connected, there is no K-part for the parabolic 
Hitchin complex /*<Q>£ for k ^ 1 by Lem. 12.2.11 Therefore, the action of a v is 
unipotent, i.e., the trace of the above matrix must be 2. This implies that a 2 = 4. 
Since a > 0, we must have a = 2. 

In summary, W acts as identity on H°(M ,o) and H 1 (M 0i0 ), and under the basis 
{\v *Coj \ v *Qi} °f H 2 (Mo i o), the elements si, so an d ct v & ct as matrices 

(5.4) Sl = ( J _ 2 1 );«o = (~ 1 ?) ;Q;V = l 2 * "s 2 
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In particular, the action of the lattice part of W is unipotent, but not the identity. 
Also, from the matrices in (|5.4[) . we see that v*((o — (l) is an eigenvector of for the 
si, so and a v -action with eigenvalue —1,-1 and 1. 

5.3. Verification of Theorem 14.1.81 in a special case. In this subsection, we 
partially verify Th. 14.1.81 on the example we calculated in the last section. More 
precisely, we take G = SL(2), G v = PGL(2). Let B = B X A mt xX A be the 
restriction of the double cover A — > A mt X X to B. Then there is a unique point 
in B over (0, 0) G B, which still denote by (0, 0). We will check the commutativity 
(up to scalar) of the diagram (|4.5p after restricting the diagram to the stalk of 
(0, 0)eBcA. 

5.3.1. The perverse cohomology. Let A C B be the locus where the discriminant of 
x 3 + x 2 + bx + c vanishes, and let A C B be its preimage. Let j be the open inclusion 
B — A <^-» B. Let io.o : {(0, 0)} <— > B be the inclusion. The same argument for the 
Support Theorem 12.1.11 applies to the fibration M — > S, and gives the following 
decomposition (again we ignore Tate twists) 

U*(M/B) = Q e ®juL[-l]®Q e [-2]. 

where L is a rank 2 local system on B — A (we abuse the notation jt» to denote the 
middle extension of a shifted perverse sheaf). Along A — {(0, 0)}, the stalks of j\*L 
are one dimension (concentrated at degree 0) corresponding to H 1 (A^^ I b t c - ) ) when 
Yb jC is a nodal curve. 

The fiber of M over (0, 0) G B is the reduced structure of the fiber over (0, 0) G 
B. We use the notation Mo,o to mean either of them, as long as we care only 
about the topology of them. Since H 2 (Mo j o) is two dimensional, and 2] only 
contributes one dimension to it, we must have dimH 1 (iQ j\t,L) = 1. In other words, 
one dimension of H 2 (Afo,o) comes from a lower piece of the perverse filtration of 
H*(M/£>). Since the action of a v preserves the perverse filtration, H 1 (ig j\*L) C 
H 2 (Afo.o) is invariant under a v . Since w*(Co — Ci) spans the unique eigenspace of 
a v , we conclude that 

(5.5) H 1 (»o,oil.i) = ■ v *(Co - Ci) C H 2 (A/ ,o). 

By the last matrix in (|5.4ll . the action of a v — id on H 2 (Mo : o) induces an isomorphism 

(5.6) a v - id : H 2 ^ Q £ [-2]) S H^Mo^/H^^Z) ^ H 2 (i5, j!*£[-1]). 
This is the stalk at (0, 0) of the "subdiagonal" Springer action (see (|4.3p ): 

S P 2 (a v ) :Q,->j,*L[l]. 

Here we change the degree labeling from the perverse degree to the usual cohomo- 
logical degree. 

5.3.2. The dual parabolic Hitchin fiber. To check the result of Th. 14.1.81 we also 
need to consider the parabolic Hitchin fiber for PGL(2). Let M v /B be the restric- 
tion of Mq"v to B. For each (b,c,x) G B (where x G Fb )C is a point over {0}), 
M^ c ~ classifies pairs {T D T') up to tensoring line bundles from X. Here T' 
are torsion- free rank one coherent sheaves of Yfc. c , such that J- IT' is of length 1 
supported x G Yb,c- Then M v is the disjoint union of Af V:CV and Af v,od according 
to the parity of the degree of T . Moreover, M V:CV is canonically isomorphic to M 
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over B. Tensoring with Oy(oo) identifies the two components M v ' cv and Af v,od . 
Under these identifications, 

H*(A/ V /B) st C R*(M V - CV /B) © H*(M v < od /S) S R*(M/Bf 2 

is the diagonal. In particular, both projections give the same isomorphism 

R*(M V /B) st s* H*(M/S) st = H*(M/B). 

Let Mq Q denote the fiber of M v over (0, 0) € B. Then it consists of two connected 
components Mqq V and M(^Q 0d , each of which is identified with Mo,o as above. In 
particular, we can talk about the Co and C\ components of Mqq V and Mqq . 

The line bundle £_ Q v on M corresponding to the root —a y £ X*(T V ) assigns 
to each (JF d JF') the line T jT' . On the Co component of either M Q ev or Mqq , 
J 7 ' is fixed, hence C- a v\c — Oc (— 1)- On the Ci component of either M Q q V or 

Mqq , T is fixed, hence £-,^1^ = Oc x (X)- Here we identify Co and Ci with P 1 . 
Therefore 

(5.7) Cl (£_ Q v) = I«*(Ci - Co) G H 2 (M ^ ) st = H 2 (Af 0i0 ). 

5.3.3. XTie verification. Finally, we check the commutative diagram (|4.5| at the 
point (0, 0) 6 B up to scalar. The only nontrivial degree of the outer square of the 
diagram (14. 51) in this case reads (after shifting and twisting): 

Sp 2 (o v ) . 

•ji*L[1J 




Restricting to (0,0) £ £>, by (|5 .6[) and (|5.7[) . both arrows take the form 

which is given by (up to scalar) the class v*(Ci — Co) £ ^(iofljwL). This verifies 
the stalk of the diagram (|4.5[) at (0, 0) £ B up to scalar. 

Appendix A. The endoscopic correspondences (following B-C.Ngo) 

This appendix is based on unpublished work of Ngo. We construct and study 
various correspondences between (parabolic) Hitchin moduli stacks for G and its 



endoscopic group H. The results here are used to prove Th. 13.2.81 in Sec. 13.31 

Throughout the appendix, we fix a rigidified endoscopic datum (k, p), hence the 
endoscopic group scheme H . 

A.l. The endoscopic correspondence. We first construct a correspondence be- 
tween and A H *AM mt . 

A. 1.1. Construction. Using the global Kostant sections of Ai mt and Af^ 1 * (which 
we fixed once and for all in Th. I3.2.8[) . we get identifications 

(A.l) xHit.rcg v . M™'^ = V H - 
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Recall hh is the morphism Ah — * A. By |N08|, 4.15.2], there is an exact sequence 
of Picard stacks over Ah- 



(A.2) 



7? G 



where the kernel 7Z H is a commutative affine group scheme over Ah- Using the 
identifications (jA.lj) . h-p induces a morphism 



M 



Hit,reg 



The graph T(h M ) of h M is a closed substack of A^" it,reg x Ah (Ah x a Af Hit < rcg ) 
Let Ch be its closure in M H lt x Ah G4ff x A A4 Hlt ), viewed as a correspondence 

(A.3) 




Hil 



Ah xaM 



A. 1.2. Definition. The correspondence Ch between M H lt and Ah x A M mt over 
Ah is called the endoscopic correspondence associated to the pair (G,H). 

We can similarly define a parabolic version of the endoscopic correspondence. 



Let 



fe-M 



par 

e 



c 



M pai x x Xe^Ae; 
7»,e : M p £ e := M p ™ x x X e -» 
be the base changes of / and fn- 

A.1.3. Con struct ion. Recall the regular loci Al par < rcg C Al par and A^ ar ' reg 
M P h from [TSSfl Lem. 3.2.7]. Let A4 par ' rcg and M^ reg be their base changes 
from X to Ae- Then (| A. 1[) gives isomorphisms 

(A.4) Af™ 8 £ l e 7>; A1™ - l«, e x^ 7^. 

Using these isomorphisms, the morphism /i-p in (|A.2|) induces a morphism over 



A^par.rcg 



Let r(/ie) be the graph of Hq, which is a closed substack of A4^Q res ^- 



GAtf,e x Je Al™ 8 ) 
in .A/f 



par 



A^™ x Je Al™ 8 . Let C h ,b be the closure of T(h&) 



H B ^ ^ o Mq , viewed as a correspondence 

Cn.e 



JVi H,e 




M p e aT 
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A. 1.4. Definition. The correspondence Ch,q between -M^q and A4g ar over Aq is 
called the parabolic endoscopic correspondence associated to (G,H). In fact, Cn,e 
lies over A K< @ C Aq. 

From the above constructions, it is easy to verify: 

A. 1.5. Lemma. There is an isomorphism of correspondences between M^ 1 ^ and 
■M@ ar ' rs overA Ht@ : 

A. 2. The modular endoscopic correspondence. In his unpublished work, Ngo 
also suggested another correspondence between and Ai mt over A, which has a 

modular interpretation. Let us recall his construction. In the following discussion, 
we first work without the presence of the curve X. Therefore, we view G, H as 
group schemes over BO, with the G the constant group and H = H sp /<d given by 
the action of on the split group H sp via A tto(k) — > Out(iJ sp ). All the stacks 
in the following Construction are over B0. 

A. 2.1. Construction. Using the Kostant sections c — > g reg and c# — > f) rcg , we get 
isomorphisms 

(A.5) [ fl reg /G] - [c/J]; [y*z/H] - [c H /J H ] 

where J — > c and Jh — > Ch are the regular centralizer group schemes for G and H . 
Let (jl c : Ch — *• c be the natural morphism. According to [N081 Prop. 2.5.1] we have 
a homomorphism of group schemes over ch 

h>j ■ Mc^ ~* Jh, 

and hence a morphism 

Mhj : [ch/^J] -» [ch/Jh]. 
Using the identifications (|A.5|) . we get a morphism 

(A.6) h:c H x c [ S ™z/G]^[y e z/H}. 

Let 

r(/i) = c H x c [g^/G] [f) rcg /#] x CH (c ff x c [ fl reg /G]) = [r/ og /#] x c [fl rog /G] 

be the graph of the morphism h. We can write T(h) = [t reg /if x G] where r rcg 
is quasi-affine over B0 with an H x G-action and a natural H x G-equivariant 
morphism r rog — > f) rcg x c g rcg . Let t be the normalization of the affine closure of 
r rog Therefore r is an affine scheme over B0 with a natural H x G-equivariant 
morphism r — > f) x c q. Hence, we can view [v/H x G] as a correspondence: 

(A.7) [v/H x G] 




We can keep track of the G m -action on jj and t) by homothctics in the above 
construction, so that r also admits a natural G m -action. 
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A. 2. 2. Definition. The modular endoscopic correspondence C^ od is the stack which 
classifies pairs (ip, t) where ip : X — > [v/H x G x G m ] is a morphism and t is a 2- 
isomorphism making the following diagram commutative: 

[t/i? x G x G m ] 




According to |N06|, Sec. 2], we also have moduli interpretations of Ai mt and 
in the same style as Def. IA.2.21 For example, classifies pairs (iPh,i-h) 

where tpu '■ X — * [t)/H X G m ] and lh is a 2-isomorphism between the morphism 

X — [fj/ff x G m ] — > B9 x G m and the classifying morphism of the x G m -torsor 
-Xe Xx Pn- 
Using these moduli interpretations and diagram (|A.7[) , C^ od can be viewed as a 
correspondence: 

/imod 



MY 1 ' 



Hit 




.4 



The stack C£ lod 



roic stack; 

C™ d — > satisfies the existence 



A. 2. 3. Lemma (B-C.Ngo, unpublished) 
the morphism f^ o m = (idx/ Hlt ) o m 
part of the valuative criterion, up to a finite extension. More precisely, for any 
complete discrete valuation ring R containing k with field of fractions K, and any 
commutative diagram 

Specif 



/Triod 
' U H 



Spec R ■ 



there exists a finite separable extension K' of K , with valuation ring R' , and a 
dotted arrow making the following diagram commutative 



Specif' 



Speci?' : 



Spec K ■ 



■ Spec R ■ 



nmod 
' U H 



A H 



Proof. The proof is similar to the existence part of the valuative criterion for the 
Hitchin fibration / Hlt : Ai Hlt — > A. The argument only uses the existence of a 
section ch — ► [*/H x G], the affineness and the normality of r. □ 

A. 3. The generic locus of the endoscopic correspondence. We need an ex- 
plicit description, also due to Ngo, of the endoscopic correspondence over the generic 
point of Ah- 
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Fix a geometric generic point an £ Ah with values in some algebraically closed 
field fc(a/y). We base change the diagram (|A.3|) to an- Let a G .4(fc(a_f/)) be the 
image of a# in A. Recall that we have a resultant divisor 9^ C Ch (cf. [N08, 
Lemme 1.10.2]). Let 9t(a/f ) be the pull-back of the divisor 1H§ to X ®k fc(aff) via 
an. Since an is a generic point of Ah, 5H(flff) is a multiplicity- free divisor of degree 
r = r K . The restriction of the exact sequence (|A.2[) to an becomes 

(A.8) 1 -> JJ -> P a -> P H , a „ -» 1 

where each !Z aH ,v is (non-canonically) isomorphic to G m . Fix such an isomor- 
phism for each v G 9t(a#). In particular, (|A.8|) induces an isomorphism tto('Po) — > 

Fix a point x/j in the cameral curve X™ e , which determines a surjective ho- 
momorphism 

(A.9) X,(T) -»7r (P olr ) =^o(^a). 

Fix a Kostant section for /Jy 1 *, which gives an isomorphism M } t \ lt aH — T^H.an — 

A.3.1. Lemma (B-C.Ngo). 

(1) The correspondence Cn,a H is isomorphic to 



V H ,a H =V a /Y[ v G m M™ 

Here, for each v G 9t(ajj), the factor 7Z aH ,v — &m ac -ts on the corresponding 
factor P 1 by homotheties on A 1 G P 1 . 
(2) Fix an ordering of the points in £H(a/y), so that we can write d\{an) — 
{v\, ■ ■ ■ ,v r }. The correspondence Cn.a H is isomorphic to the composition: 

(A.ll) d ■■■ C t ■■■ C r 




Mo ■■■ M4-1 Mi ■■■ M r 

where Mq = M 1 ^ lt aH and M r = M^ lt . The Picard stack V a acts on the 
above diagram, compatible with its action on the diagram HA. 10\) . 

(3) For i = 1, ■ ■ ■ ,r, Ci is a P 1 -bundle over Mi-\, equipped with two sections 
s°, s°° : Mi-i — * Ci whose images C® and C°° are disjoint. The morphism 
Ci is birational, mapping Ci — U Cf° isomorphically onto an open subset 
of Mi, and identifies Cf and C°° via an isomorphism 

C ^ C oo 

(4) The diagram HA. induces bisections on the set of irreducible components: 



7r Q (V H , aH ) S Irr(7W ) S Irr(Ali) = • • • ~ Irr(7W r ) S ir (P a ). 
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Using the map (A.9fy . all the above component groups are naturally quotients 
o/X*(T). Then there exists a coroot $ € $ v -$^ C X*(T) ("i.e., k(/3, v ) ^ 
1 suc/i i/iai £/ie following diagram is commutative: 

Lt(C°) Ir l 7<) > Lt(CD 



Irr(s°) 



Irr(s°° ) 



+/3 V 

Irr(X,_i) — ^ Irr(M_i) 

where the lower arrow labeled by means the translation by the image 
of f3jf under the map X*(T) -» Irr(A^i-i). 

References 

[AL] D.Alvis, G.Lusztig. On Springers correspondence for simple groups of type E n (n = 6, 7, 8). 

Math. Proc. Camb. Phil. Soc. 92, pp. 6572, 1982. 
[B] R.Bezrukavnikov, The dimension of the fixed point set on afhnc flag manifolds, Math. Res. 

Lett. 3(1996), no.2, 185-189. 
[BBD] A.Bcilinson, J.Bernstein, P.Deligne, Faisceaux pervers, Analysis and topology on singular 

spaces, I (Luminy, 1981), 5-171, Asterisque, 100, Soc. Math. France, Paris, 1982. 
[DG] R.Donagi, D.Gaitsgory, The gerbe of Higgs bundles. Transform. Groups 7 (2002), no. 2, 

109-153. 

[Ka] D.Kazhdan, Proof of Springer's hypothesis. Israel J. Math. 28 (1977), no. 4, 272-286. 

[Ko] R.Kottwitz, Endoscopy for Hecke Algebras, Notes from the conference on Repre- 
sentation Theory of Real and p-adic Reductive Groups, Seattle, 1997, available at 
http : //www .math .ust . hk/"amoy/seattle97/ index .html. 

[KV] D.Kazhdan, Y.Varshavsky, On endoscopic transfer of Deligne-Lusztig functions. 
larXiv:0902.3426l 

[KW] A.Kapustin, E.Witten, Electric-magnetic duality and the geometric Langlands program. 

Commun. Number Theory Phys. 1 (2007), no. 1, 1-236. 
[LM] G.Laumon, L.Moret-Bailly, Champs algebrigues. Ergebnisse der Mathematik und ihrer 

Grenzgebiete. 3. Folge. 39. Springer- Verlag, Berlin, 2000. 
[LN] G.Laumon, B-C. Ngo, Le lemme fondamental pour les groupes unitaires, Ann. of Math. (2) 

168 (2008), no. 2, 477-573. 
[N06] B-C. Ngo, Fibration de Hitchin et endoscopie. Invent. Math. 164 (2006), no.2, 399-453. 
[N08] B-C. Ngo, Le lemme Fondamental pour les algebres de Lie, arXiv:0801.0446 
[S] T. A. Springer, Trigonometric sums, Green functions of finite groups and representations of 

Weyl groups. Invent. Math. 36 (1976), 173-207. 
[T] D.Treumann, A topological approach to induction theorems in Springer theory, Represent. 

Theory 13 (2009), 8-18. 

[YunI] Z.Yun, Towards a global Springer theory I: the afBne Weyl group action, arXiv:0810.2146 
[Yunll] Z.Yun, Towards a global Springer theory II: the double affine action. Preprint. 
[Y] Z.Yun, Subregular affine Springer fibers and subregular Hitchin fibers, in preparation. 



Department of Mathematics, Princeton University, Princeton, NJ 08544, USA 
E-mail address: zyun<3math.princeton.edu 



